ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
VECTOR

1. Let P be the plane Vx + 2y+3z=16 and let
S={ai+ Bj + ylA< :0> +B* +y° =1 and the distance of (a.,B,y) from the plane P is% .
Let U,V and w be three distinct vectors in S such that i —v|=[v —w|=|w —1l.

Let V be the volume of the parallelepiped determined by vectors U,V and W . Then the value of &V is

J3
[JEE(Advanced) 2023]

2. Let the position vectors of the points P,Q,R and S be a = i+ 23 -5k, b= 3i+ 63' + 31A<, c= %i +%j +7k

and d =21+ 3 +k , respectively. Then which of the following statements is true? [JEE(Advanced) 2023]

(A) The points P,Q,R and S are NOT coplanar

b+2d . i : o , : :

(B) b +3 d is the position vector of a point which divides PR internally in the ratio 5 : 4
b+2d . . . . . . .

(©) 3 is the position vector of a point which divides PR externally in the ratio 5 : 4

(D) The square of the magnitude of the vector bxd is 95

3. Let ;,3 and k be the unit vectors along the three positive coordinate axes. Let

a=3i+j-k,
b=1i+b,j+bk, by, by € R,
c=c,i+c,j+c5k, ci,c,c3 R

be three vectors such that bobs >0, a- b =0and

0 —c; ¢, )1 3—c
c; 0 — ||b,|=]| l-c,
-, ¢ 0 )b, ~1-c,
Then, which of the following is/are TRUE ? [JEE(Advanced) 2022]
(A)3-¢=0 (B) b-c=0 (©) \B\>Jﬁ (D) [ < V11
4. Let U,v and W be vectors in three-dimensional space, where U and VvV are unit vectors which are not

perpendicular to each other and uw =1, vw =1, ww =4
If the volume of the parallelopiped, whose adjacent sides are represented by the vectors U,v and W,

is+/2 , then the value of [3t+5V] is___. [JEE(Advanced) 2021]
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5.

Let O be the origin and O—A=2i+23+f<,0—B=i—2j+2f< and &z%(O—B—XO—A) for some A > 0. If

|O—B>< @| = g , then which of the following statements is (are) TRUE? [JEE(Advanced) 2021]
(A) Projection of OConOA is —%
(B) Area of the triangle OAB is g

(C) Area of the triangle ABC is %

(D) The acute angle between the diagonals of the parallelogram with adjacent sides OA and OC is g

ac-b) _  |a

— = — —, then the
c.(a—-b) |a|+]|b]

In a triangle PQR, let @=QR,b=RP and ¢=PQ. If |§| =3,

B‘ =4 and

value of ‘5)(6‘2 is

[JEE(Advanced) 2020]
Let a and b be positive real numbers. Suppose % =ai+bj and PS =ai—bj are adjacent sides of a
parallelogram PQRS. Let u and v be the projection vectors of W= i +} along PQand PS, respectively.

If |ﬁ|+|\7| :|\7v| and if the area of the parallelogram PQRS is 8, then which of the following statements

is/are TRUE ? [JEE(Advanced) 2020]
(A)atb=4

(B)ya-b=2

(C) The length of the diagonal PR of the parallelogram PQRS is 4

(D) w is an angle bisector of the vectors PQ and PS

Three lines

L,:T=Ai, L eR,

L,: f=R+uj, peR and
L,: f=i+j+vf<, velR

are given. For which point(s) Q on L, can we find a point P on L; and a point R on L3 so that P, Q and R

are collinear? [JEE(Advanced) 2020]
(A) k+] (B) k
(©) k+1; D) k-1j

2 ! 2 !
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9.

10.

11.

12.

13.

14.

15.

Let a :2i+3—f< and b= i+23+f( be two vectors. Consider a vector ¢ = ad+pb, a.p e R. If the

projection of ¢ on the vector (5 + B) is 332 , then the minimum value of (E - (5 X B)).E equals
[JEE(Advanced) 2019]
Let @ and b be two unit vectors such that 2.b=0. For some x,y € R, let ¢ =xa+yb+(axb).If | ¢ |=2

and the vector ¢ is inclined at the same angle ato both @ and b, then the value of 8cos’a

is . [JEE(Advanced) 2018]

Let O be the origin and let PQR be an arbitrary triangle. The point S is such that
OP.OQ +OR.OS = OR.OP +0Q.0S = 0Q.OR +OP.OS

Then the triangle PQR has S as its [JEE(Advanced) 2017]
(A) incentre (B) orthocenter
(C) circumcentre (D) centroid

Paragraph for Question No. 12 and 13
Let O be the origin, and 0X,0Y,0Z be three unit vectors in the directions of the sides Q—R,ﬁ,% ,
respectively, of a triangle PQR.

‘ﬁ x ﬁ‘ = [JEE(Advanced) 2017
(A) sin(Q +R) (B) sin(P + R) (C) sin 2R (D) sin(P + Q)
If the triangle PQR varies, then the minimum value of cos(P + Q) + cos(Q + R) + cos(R + P) is
[JEE(Advanced) 2017]
3 3 5 5
A) = B) —— C) = D) —=
(A) 5 (B) 5 © 3 (D) 3

A o ~ ~ . . A 1 Ton ~ . . .
Let u=u,i+u,j+u;k be a unit vector in R’ and W= %(1 + j+2k) . Given that there exists a vector in

R? such that |ﬁ X \7| =1 and w.(uxV)=1. Which of the following statement(s) is(are) correct?

[JEE(Advanced) 2016]
(A) There is exactly one choice for such v
(B) There are infinitely many choice for such v
(C) If U lies in the xy-plane then |u, |=|u, |

(D) If U lies in the xz-plane then 2 |u, |=|u, |

Let APQR be a triangle. Let a = @, b=RP and = PQ.If |a|=12, |bl= 43 and b =24 , then which

of the following is (are) true ? [JEE(Advanced) 2015]
I I

A) ——Jal=12 B) —+|a|=30

(A) 5 |a| (B) 5 EX

(C) [axb+Txi =483 (D) a.b=-72
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16.

17.

18.

19.

Column-I Column-II
(A) Inatriangle AXYZ, let a,b and ¢ be the lengths P 1
of the sides opposite to the angles X,Y and Z,
respectively. If Z(a2 - b2) =c’and L= M
sinZ
then possible values of n for which cos(nmA) = 0 is (are) Q 2

(B) Inatriangle AXYZ, let a,b and ¢ be the lengths
of the sides opposite to the angles X,Y and Z,
respectively. If 1 + cos2X — 2c0s2Y = 2sinX sinY,

then possible value(s) of % is (are)

(C) IR Let V3i+], i++/3] and Bi+(1-P)] R) 3

be the position vectors of X, Y and Z with
respect to the origin O, respectively. If the
distance of Z from the bisector of the acute

angle of OX and OY is i, then possible

NP

value(s) of |B] is (are)
(D) Suppose that F(a) denotes the area of the region bounded S) 5
byx=0,x=2,y2=4xandy= lox — 1] + |ox — 2] + ox,

where a. € {0,1}. Then the value(s) of F(oc)+§\/§ ,
when o =0 and a = 1, is(are) (T)y 6
[JEE(Advanced) 2015]
Suppose that p,q and T are three non-coplanar vectors in R’. Let the components of a vector § along
p,q and T be 4, 3 and 5, respectively. If the components of this vector ¥ along(—fo +q+ f) , (f) —-q+ f)
and (—f) -q+ f) are X,y and z, respectively, then the value of 2x +y + z is

[JEE(Advanced) 2015]

Let X,y and Z be three vectors each of magnitude V2 and the angle between each pair of them is g f

a 1is a nonzero vector perpendicular to X and yxZ and b is nonzero vector perpendicular to y and

ZxX , then [JEE(Advanced) 2015]
(A) b=(b.2)(Z-%) (B) i=(3.9)(y-2)
(C) a.b=—(@.9)(b.2) (D) a=(3.9)(Z-¥)

- - . . .M
Let a,band ¢ be three non-coplanar unit vectors such that the angle between every pair of them 155 f

2 2 2
fp+2++ris
q

[JEE(Advanced) 2014]

axb+bxc= pa+ qB +rc¢, where p,q and r are scalars, then the value o
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ALLEN
20. List-I List-IT
. V3
P. Lety(x)=cos (3 cos'x),x €[], 1],x¢i7. 1. 1
2
ThenL{(x2 ~1) d y(2x) +X dy(x) } equals
y(x) dx dx
Q. LetAj, Ay, ... , Ay (n > 2) be the vertices of a 2. 2
regular polygon of n sides with its centre at the
origin. Let i be the position vector of the point
Ak, k= 1, 2, ..... n.
n-1/— n-l/— —
If ‘zkzl(ak xakﬂ)‘: ‘ Zkzl(ak.akﬂ) , then the
minimum value of n is
R. Ifthe normal from the point P(h, 1) on the ellipse 3. 8
X2 2
? + ? =1 is perpendicular to the line x +y =8,
then the value of h is
S.  Number of positive solutions satisfying the equation 4. 9
af 1 af 1 af 2.
tan +tan =tan | — | I8
2x+1 4x +1 X
[JEE(Advanced) 2014]
Codes :
P Q R S
(A) 4 3 2 1
(B) 2 4 3 1
) 4 3 1 2
(D) 2 4 1 3
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SOLUTIONS
~Liarauvwyxop = L3, L 38
1. Ans. (45) 3 3 16 2 32
Sol. 0 .. parallelopiped with coterminous edges
U* 1 Q**6x3\/§ 9\/§V
u — , , = —_—
(1) o W(w) 32 16
- 80
V(V) o —=V =45
H P \/5
/ Q / 2.  Ans. (B)
Sol. P(i+2j-5k)=P(a
Given |G~ = |7 %l =% — il (+25-sk)=p(3)
= AUVW is an equilateral A Q(3I + 63' + 312) = Q(B)
Now distances of U, V, W from P = Z 17~ 16~ _~ .
2 R| —i+—j+7k =R(c)
. 5 5
P - — ~ A A —
= PQ=3 s(zi+j+k)=s(d)
Also, Distance of plane P from origin - = A A A
b+2d 7i+8j+5k
=0Q=4 =
| 3 3
7 OP=0Q-PQ= OP =— 5¢+4d  21i+24j+15k
9 9
T op V3 Lo
Hence, PU =y OU" —-OP :>PU=7:R b+2d 5¢+4a
Also, for AUVW, P is circumcenter 3 0
so [B] is correct.
.. for AUVW : US =Rcos30°
option (D)
= UV =2Rco0s30°
o5 2 EN YN - o\ 2
3 bxd =‘b‘d ~(bd)
= UV = E
=(9+36+9)(4+1+1)—(6+6+3)
W =54 % 6—(15)
=324 -225
=99
3. Ans. (B, C, D)
Sol. a=3i+j-k

2

Ar(AUVW) = ?(ﬂ —%

Volume of tetrahedron with coterminous

edges U, V,w

A

b=1i+b,j+b.k

c=ci+c,j+ck

0 —c; ¢, |1 3—c,
c;, 0 — ||b,|=]|]l-c,
-, ¢ 0 J{b, -l-c,
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multiply & compare 4. Ans. (7)
bocz —bzcr =c¢; -3 (1) Sol. Given, |u|= : |\7 =1; iv=0; uw=1;
c3—bxci=1-co ...(2) vw=1;
- =1+
C Ab2C1 ) 1 C3A ...(3) W.W=|\7V|2 4 |W| =2,
(Di-(2)j+3)k I
. . R [u v w] =~/2
1(bac3 —bscy) — j(c3 —bzer) + k(ca —bacy) I,
.. N A i uv  uw
=Gl jrek S3i-jrk and[i v W =[V.0 V¥ W.w|=2
bxc=¢-a AT AN A
Take dot product with b I uv 1
0=cb-ab =iy 1 1]=2
b3 =0 14
bLlé — iV = 1
b"G = 90° 2
Take dot product with ¢ So, |3u + 5\7| = \/9|ﬁ|2 + 25|\7|2 +2.3.5uv
0= -azc ]
=2 =,[9+25+30| — |=~49=7
a.c =|cl 2
ac=0 5. Ans. (A,B,O)
bxg=c-d Sol. OBxOC =~ 0B x(0B-20A)
Squaring 2

16" [ =[cf +Iaf —2c3
I [c]” =[ef +11-2[cf
6 [ =11-[c]

(6 +1) =11

given a.b =0

b, —b3=-3 also

b)Y + b3’ —2bsb3=9  byb3>0
by? + bs> =9 + 2bybs

by? +b3> =9+ 2byby > 9

b2 +b5°>9

bl = \/1+b2 +b2
bl > /10

_ *(OA xOB)
2
|o—B|x|&|:@|otx’|x|o—B|

(Note OA & OB are perpendicular)

A
= %:% = A=1(given A > 0)

So OC= =
2 2
B
3 32
CI
3003 45°4+
20 = 45°
L V2 i
3770 3" A
2
M is mid point of AB
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Sol.

Sol.

Note projection of OC on OA = —%
1

tanf = —
3

Area of AABC = %

Acute angle between diagonals is

1
1+—
-1

tan —?
l_f
3

Ans. (108.00)

=tan ' 2

= |axb[’=a’b’* —(a.b)’ =9 x 16 —36 = 108

Ans. (A, O)
S R
ai-bj

P aithj Q

i =((i+])PQ)PQ

:‘(1+J PQ‘
L (a1+bj)|_ a+b
i =|(i+3). a’+b’ | T al+b’

Sol.

—(i+j).PS
| l+] a1—bJ |
| \/a +b’ | \/a +b2

]+ 9] =]
|(a+b)|+|(a—b)| \/—
=2

Va® +b?

Fora>b

2a=\/§.\/a2 +b?

4a% =242 + 2b°

a’=b’ - a=b (1)

(a>0,b>0)

similarly fora <b we will geta=b
Now area of parallelogram

= (i + bj) x (ai — bj)|

=2ab

- 2ab=38

ab=4 ..(2)
from (1) and (2)
a=2,b=2 s.a+b=4 option (A)
length of diagonal is

[2ai| =41 =

so option (C)

Ans. (C, D)

Let P(A, 0, 0), Q(0, u, 1), R(1, 1, v) be points.
L, L, and L3 respectively

Since P, Q, R are collinear, @ 1s collinear with
QR

Hence i:L_ !
1 v-—1

I-p

For every u € R — {0, 1} there exist unique
A, v eER

Hence Q cannot have coordinates (0, 1, 1) and
0,0,1).
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9.  Ans. (18.00)
Sol. ¢=(2a+B)i+ j(o+2B)+k(B-a)

c(@a+b)

|3+b] =32
= o+p=2 (1)

(€ —(axb)).(ad +pb)
=|cF=a’|af +B*|b} +2ap(E.b)
=6(c” + B” + o)
= 6(c’ + (2 — o)’ + a2 — o))
=6 ((a—1)"+3)
=  Min. value = 18
10. Ans. (3)
Sol. E:x5+y5+5x15
¢.d = xand x = 2cosa
cb = yand y = 2cosa.
Also, ]Zix#| =1
E=2cosa(fl+5)+ax5
¢t =4cos’ a(@+b) +(axb)*+
2cosa. (5+5).(&x5)
4 =8cos’a + 1

SCOSZOL =3

11. Ans. (B)

Sol. Let position vector of P(p), Q(q), R(f) &

S(s) with respect to O(0)

Now, OP.OQ+OR.O
+

(D)

Also, OP.0Q + OR.0S = OQ.OR + OP.0S
= pg+rs=qr+ps
= (q-9).(p—-1)=0 ...(3)

S=OR.OP +0Q.0S

12.

Sol.

13.

Sol.

14.

Sol.

P(p)

Q9 R(7)

=  Triangle PQR has S as its orthocentre
option (B) is correct.

Ans. (D)

ox = R
QR

oy = XP
RP

‘O—XXO—Y =sinR = sin(P+Q)

Ans. (B)

3
—(cos P + cosQ + cosR) > —5 as we know

cosP + cosQ + cosR will take its maximum

value when P:Q:Rzg

Ans. (B, ©O)

|W(uxv|cosp=1= =0

= UxV=w also |V|sinO=1

=  there may be infinite vectors vV =OP

such that P is always 1 unit dist. from 0

~ A A

i j k
For option (C): uxv=[u; u, 0
Vi Vo V3

W =(u,v3)i—(u,v;)j+(u,v, —u,v)k
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15.

Sol.

16.

Sol.

10

i ] k
for option (D) : uxvV=[u; 0 u;
Vi Vo V3

W =(—v,u3)i—(u, vy —uyv))j+(u,v,)k
2

1
—V,yU, :%, u,v, :%

= 2Juz] =[u| So, (D) is wrong
Ans. (A, C, D)
R

d|=12,[bl=43

a+b+c=0 (1)
a’=b>+c* +2b3

144 =48 + ¢* + 48

c= 4\/§
Also ¢® =a’ +b* +24db

48 = 144 + 48 + 23.b

> =148 =

= ab=-72
Also by (1)

[}

ol
o)

axb=¢x

(o]
ol

— |axb+Cxd|=2]|axb|
=2y/a’b*> —(@.b)’

7 as-(2)
=2.12./48-36 =483

A, C, D are correct & B incorrect.
Ans. (A) > (P.R,S); (B) = (P); (C) = (P,Q);
(D) = (S,T)

J’_

(A) 2(sin2 X —sin’ y) =sin’z

2sin(x—y)sin(x+y)=sin’z

ALLEN®
vXtytz=m
sm(‘x—y) =l:>x=l
sinz 2 2

= cos(%rjzo =>n=13,5

(B) 1+ 1-2sin’x—2(1 —2sin’y)
= 2sinx siny
= 24 +4b* = 2ab

=a’+ab-2b"=0
aY (a
214222022221
b b b
a .

= BZI as —2 rejected

(C) Angle bisector of 0X & OY is along

the line y = x and its distance from

(B,1-P) is
‘%ﬁ‘:%:ﬂﬁ—lzﬂ
=p=2-1
= B|=1,2

D) 7

6—J2.2x/;dx 5—}2\/;dx
0 0

6—2\/5 (1) 5—2\5 (2

By (1) & (2) F(a)+§x/§

can be 5 or 6.
17.  Ans. (Bonus)
Sol. Although the language of the question is not
appropriate (incomplete information) and it
must be declare as bonus but as per the theme of

problem it must be as follows

s=4p+3q+57

S=x(-p+q+7)+y(p—q+7)+z(-p—q+7)
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—Xx+y-z=4 - T 1
“la b c|l=—F (1
X—y—-z=3 [ ] 2 M)
Xty+z=>5 as given axb+bx¢=pa+qb+ré
=>x=4,y= % ,Z= —% take dot product with a
—_ —_ g —_ b =\ _ -2 - —_ —
7 9 :>a.(axb)+a.(b><c)—pa +gba+rca
=>2x+ty+z=8——+—=9
22 0 —p+di T
NG p Sty
18. Ans. (A, B, C)

Sol.

19.

Sol.

Given that | X |=| ¥ || Z =2

and angle between each pair is g

i.y=y.2=2.i=ﬁ.\5%=
Now a is Lto X & (yxZ)
Let  a=MEx(¥xZ))

=MEX2)y-(Xy)Z2) =My -2)
iy =AIy-yZ)=A2-1)=A

= a=@y)y-2)

Now let b=p(yx(ZxX))=
bZ=p2-1)=p

=  b=(b2)Z-%)

7).(b.Z2)(Z - %)

= @y)(b2)(yZ-yx-

@y)(bZ)(1-1-2+1)

ME %)

Now a.b=@Ey)(y -

77+7%)

= —(@y)(bz)
Ans. (4)
ai ab ac
- 2 - N -
We know [a b 6] —lbdi bb bZ
¢d &b &
11
2 2
L | |
2 20 4 4 2
1,
2 2

Now, take dot product with b & ¢

p T
O==+q+— .3
SHa+3 €)

& L-P.4,, (%)

fzz

equation (2) — equation (4)

=P I 0= p=r=p+q=0 by equation (3)

2 2

) p2+2q2+r2 :p2+2p2+p2:4
‘ q’ p’

20. Ans.(A)

Sol. (P) y=cos(3cos 'x)=(4x> - 3x)

LT 3dy 24x
dx dx?

y dx>  dx

b
4x° —3x
=9

Q) letd =i,

then l|:(X —1) d Y + Xdy}

[(x2 ~1).24x +x(12x? —3)}

2n 2
then @, = cos—1+sin—
n n

- 47~ 47 A
a; =cos—1+sin—]...
n 4

now

11
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27
= tan— =1
n

o 2T T
= for minimumn —=—=>n=28§8
n

2 2
®R Yoo x Ly
6 3 dx 2y X
2

¥

4y 3 =l > y=+1&x=%2

= —+
6

as normal passes through (-2,-1) and

(h,1) slope of normal

:LzljhzO

h+2

OR

if normal passes through (2,1) then

h=2

(S)tan“( ! j+tan“( ! jztan"‘(%j

2x +1 4x +1 X

1 1
+

Lotan 2xHD Ax e+l oo 2
3 1 1 x>
2x +1 4x +1

=x=0,——,3
3

but only +ve integral x =3

12

ALLEN®




