ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
MATRIX
1. Let M=(aij), i,je {1, 2, 3}, be the 3 x 3 matrix such that a;j = 1 if j+1 is divisible by i, otherwise

ajj = 0. Then which of the following statements is (are) true ? [JEE(Advanced) 2023]
(A) M is invertible

a a, -4
(B) There exists a nonzero column matrix | a, | such that M| a, |=| —a,
a3 a3 G
0
(C) The set {X e R* :MX =0} {0}, where 0= |0
0
(D) The matrix (M — 2I) is invertible, where I is the 3 x 3 identity matrix
a 3 b
Let R=4|c¢ 2 d]|:ab,c,de{0,3,57,11,13,17,19} } . Then the number of invertible matrices in R is
0 50
[JEE(Advanced) 2023]
Let B be a real number. Consider the matrix
B 0 1
A=|2 1 =2
31 2
If A’ — (B — 1)A® — BA’ is a singular matrix, then the value of 98is .  [JEE(Advanced) 2022]
> 3
1tM=| 2 2 |, then which of the following matrices is equal to M*>>?  [JEE(Advanced) 2022]
2 2
3034 3033 3034 -3033
) (—3033 —3032J ®) (3033 —3032j
©) ( 3033 3032 J D) ( 3032 3031 j
-3032 -3031 -3031 -3030
For any 3 x 3 matrix M, let [M| denote the determinant of M. Let [JEE(Advanced) 2021]
1 2 3 I 00 1 3 2
E=|2 3 4[|,P=|0 0 1l|andF=|8 18 13
8 13 18 0 1 0 2 4 3
If Q is a nonsingular matrix of order 3 x 3, then which of the following statements is (are) TRUE ?
I 00
(A)F=PEPand P°=|0 1 0
0 0 1
(B) [EQ + PFQ™'| = [EQ| + [PFQ"|
(© [(EF)'|> [EFf

(D) Sum of the diagonal entries of P'EP+Fis equal to the sum of diagonal entries of E + P 'FP
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6. For any 3 x 3 matrix M, let [M| denote the determinant of M. Let I be the 3 x 3 identity matrix. Let E and
F be two 3 x 3 matrices such that (I — EF) is invertible. If G = (I — EF)fl, then which of the following

statements is (are) TRUE ? [JEE(Advanced) 2021]
(A) |FE|=[1-FE||FGE| (B) (I-FE)(I1+FGE)=1
(C) EFG = GEF (D) (I-FE)(I1-FGE)=1
7. Let M be a 3 x 3 invertible matrix with real entries and let I denote the 3 x 3 identity matrix.
M = adj (adj M), then which of the following statement is/are ALWAYS TRUE ?
[JEE(Advanced) 2020]
(A)M=1 (B) detM = 1 (CO)M*=1 (D) (adj M)’ =1
8. The trace of a square matrix is defined to be the sum of its diagonal entries. If A is a 2 x 2 matrix such that
the trace of A is 3 and the trace of A” is —1 8, then the value of the determinant of Ais
[JEE(Advanced) 2020]
{ sin*®  —1—sin’ 6} 1
9. Let M= =al+pM™,
1+cos’ 0 cos’0

where o = o(0) and = B(0) are real number, and I is the 2 x 2 identity matrix. If
o* is the minimum of the set {a(0) : 6 € [0, 2m)} and
B* is the minimum of the set {$(0) : 6 € [0, 2n)},

then the value of a* + * is [JEE(Advanced) 2019]
37 29 31 17
(A) e (B) T ©) Y3 (D) Y3
0 1 a -1 1 -1
10. Let M=|1 2 3|and adiM=| 8 —6 2 | where a and b are real numbers. Which of the following
3 b 1 -5 3 -1
options is/are correct ? [JEE(Advanced) 2019]
(A)a+b=3 (B) det(adjM?) = 81
o 1
(©) (adiM) " +adiM ' =M (D)If M| B |=|2], theno—B+y=3
Y 3
1 00 1 00 0 1 0 0 1 0 0 0 1
11. LetP =I=|0 1 0|,P,=|{0 0 1|,P,=1 0 O|,P,=/0 O 1|,P;=[1 0 OF,
0 0 1 0 1 0 0 0 1 1 00 0 1 0
0 0 1 . 21 3
Pi=[0 1 Ofand X=)P |1 0 2|P
1 00 3 o201

where PIZ denotes the transpose of the matrix Px. Then which of the following options is/are correct?

[JEE(Advanced) 2019]
(A) X —30I is an invertible matrix (B) The sum of diagonal entries of X is 18
1 1
O IfX|1|=a|l]|,then a=30x (D) X is a symmetric matrix
1 1
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12. Letxe R andlet P=|0 2 2|,Q=|0 4 0 andR=PQP_1.
0 0 3 X X 6
Then which of the following options is/are correct? [JEE(Advanced) 2019]
o 0
(A) For x = 1, there exists a unit vector ol + [33' + y1A< for which R| B [=|0
Y 0
(B) There exists a real number x such that PQ = QP
2 X X
(C)detR=det|0 4 0| +8 forallxe R
X x 5
1 1
(D)Forx=0,ifR|a|=6[a|,thena+b=35
b b
b,
13. Let S be the set of all column matrices | b, | such that by, by, b3 € R and the system of equations
b,
(in real variables)
—x +2y +5z=b
2x —4y +3z=b,
Xx—2y+2z=b;s
has at least one solution. Then, which of the following system(s) (in real variables) has (have) at least one
b,
solution of each | b, | € S? [JEE(Advanced) 2018]
b;
(A)x+2y+3z=b;,4y +5z=Dbrand x + 2y + 6z=Dbs
B)x+y+3z=b;,5x+2y+6z=byand 2x—y—3z=b;
(C)—=x+2y—52=b;,2x—4y+10z=byand x — 2y + 5z=Dbs
(D)x+2y+5z=by,2x+3z=brand x + 4y — 52 =3
14. Let P be a matrix of order 3 x 3 such that all the entries in P are from the set {—1, 0, 1}. Then, the
maximum possible value of the determinant of Pis . [JEE(Advanced) 2018]
15.  Which of the following is(are) NOT the square of a 3 x 3 matrix with real entries ?
[JEE(Advanced) 2017]
1 0 0 -1 0 0
A0 1 0 B)|o0 -1 0
10 0 -1 10 0 -1
1.0 0 1 0 0
@G0 1 0 Do -1 0
10 0 10 0 -1
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16.

17.

18.

19.

20.

21.

22.

For a real number o, if the system

1 o o |[x 1
1 al|ly|=]|-1
o o 1|z 1
of linear equations, has infinitely many solutions, then 1 + o + o= [JEE(Advanced) 2017]
How many 3 x 3 matrices M with entries from {0,1,2} are there, for which the sum of the diagonal entries
of MM is 5 ? [JEE(Advanced) 2017]
(A) 198 (B) 126
(C) 135 (D) 162
3 -1 2
Let P={2 0 o |, where a € R, Suppose Q = [q;] is a matrix such that PQ = kI, where k € R,
3 -5 0

2
k # 0 and I is the identity matrix of order 3. If qp3 = —g and det(Q) =k7 , then- [JEE(Advanced) 2016]

(A)a=0,k=8 B)4a-k+8=0

(C) det(Padj(Q)) =2’ (D) det(Qadj(P)) = 2"
1 0 0

Let P=| 4 1 0] and I be the identity matrix of order 3. If Q = [q;] is a matrix such that P - Q=1
16 4 1

then J31 795 equals [JEE(Advanced) 2016]

dz
(A) 52 (B) 103 (C) 201 (D) 205

Let X and Y be two arbitrary, 3 x 3, non-zero, skew-symmetric matrices and Z be an arbitrary

3 x 3, non-zero, symmetric matrix. Then which of the following matrices is (are) skew symmetric ?
[JEE(Advanced) 2015]

A Y'Z' - 7Y’ B) x* +y*

©) X473 _ 73 (D) <2 4y

Let M be a 2 x 2 symmetric matrix with integer entries. Then M is invertible if  [JEE(Advanced) 2014]

(A) the first column of M is the transpose of the second row of M

(B) the second row of M is the transpose of the first column of M

(C) M is a diagonal matrix with nonzero entries in the main diagonal

(D) the product of entries in the main diagonal of M is not the square of an integer

Let M and N be two 3 % 3 matrices such that MN = NM. Further, if M # N? and M? = N* , then
[JEE(Advanced) 2014]

(A) determinant of (M2 + MNZ) is0

(B) there is a 3 x 3 non-zero matrix U such that (M2 + MNZ)U 1S zero matrix

(C) determinant of (M + MN?) > 1

(D) for a 3 x 3 matrix U, if (M2 + MN2) U equals the zero matrix then U is the zero matrix
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SOLUTIONS
1. Ans. (B, ©)
a,, a, aj, 1 1 1
Sol. M=|a, a, ay|=|1 0 1
a; a; as; 01 0
M|=-1+1=0

= M is singular so non-invertible
Option (B) :
a, -a, 1 1 1}|a,
M| a,

a, —a, 0 1 0ffa,

=—a2:>1 0 1 a2

a,+a,+a;=-a,

a,+a,=-a,

a, =-a,

infinite solutions exists [B] is correct.
Option (D) :

1 1 1 1 00 -1
M-2I=1 0 1(=-2/10 1 O|=|1
010 0 0 1 0

M — 21| =0 = [D] is wrong
Option (C) :

1 1 1jx 0
MX=0=|1 0 1|y|=|0
0 1 O0fz 0
x+ty+z=0
x+z=0
y=0

.. Infinite solution
[C] is correct

2. Ans. (3780)

Sol. Let us calculate when |[R| =0

Case-1 ad=bc=0

Now ad=0

= Total — (When none of a & d is 0)

=82 7*=15 ways

Similarly bc = 0 = 15 ways

S 15%x15=225 ways ofad =bc =0

= a,=0anday+az=0

Sol.

Sol.

Case-II ad=bc#0
eithera=d=b=c

OR a#d, b#d butad=bc
7C1 =7 ways

'Cy % 2 x 2 = 84 ways

Total 91 ways

- R|=01in 225+ 91 =316 ways
IR|#0in 8" — 316 =3780

Ans. (3)
B 0 1

A=[2 1 2| |A=-1
31 2

= A" =B - DA’ -BA’|=0
= A A’ - (B~ DA -BI|=0
= |A] [(A*=BA) + A -BI[=0
= |A] JA(A - BD) +I(A - BD)| =0
AP |(A +T) (A - BD)| = 0
B+1 0 1
A+I=| 2 2 =2|=|A+1=-4, Here
3 1 -1
A|#0 & |A+1|#0
0 O 1
A-BI=|2 1-B -2
3 1 -2-B
|A—BI|:2—3(1—B):3B—1:0:>[3:%
9B =3
Ans. (A)
(5 3

2 2
-3 -1

M =
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Sol.

(B)

©

LetA:{

SRE|

1
-1 -1

1 1
-1 -1

1

3 2022
M2 = (I += 5 Aj

=1+3033A

3034
| -3033

Ans.(A, B, D)

3033
-3032

Ho o

1 0 1 1
= +3033
0 1 -1 -1

}

1 00 1
PEP=/0 0 1 0
01 0 0 1
1 2 331 0 O 1 3
8 13 18(|0 0 1|=|8 18
2 3 400 1 0 2 4
1 0 0)1 0 0) (1 0 0
P’=|0 0 0 0 1|=(0 1 O
01 0Jlo 1 0/ (0 0 1
[EQ+PFQ'|=|EQ|+|PFQ |
|E|:0 and|F|:03nd|Q|¢O
_IPlIE
EQ|=[E||Q| =
EQl-[gf |Q|
T=EQ+PFQ
TQ = EQ* + PF = EQ’ + P’EP = EQ* + EP
=E(Q'+P)
[7Q=[E(Q" +P)|=T][q]

=|E[|Q* +P|=0=T|=0 (as]Ql = 0)

(EF)’|> e[

Here 0 > 0 (false)

13
3

(D)

Sol.

Sol.

asP’=1 = P ' =P so P"'FP = PFP
=PPEPP=E
soE+P 'FP=E+E=2E
P'EP + F = PEP + F = 2PEP
Tr(2PEP) = 2Tr(PEP) = 2Tr(EPP) = 2Tr(E)
Ans. (A, B, 0)
I-EF|#0;G=1-EF)' =G
Now,G.G'=1=G"'G
— G(I-EF)=1=(-EF)G
— G- GEF =1=G - EFG
= GEF =EFG [C is Correct]
(1-FE) (1 + FGE) =1 + FGE - FE — FEFGE
=1+FGE-FE-F(G-1)E
=1+ FGE - FE - FGE + FE
=1 [(B)is Correct]
(So 'D' is Incorrect)
We have
(1-FE) 1 +FGE)=1 ....
Now
FE(I + FGE)
= FE + FEFGE
=FE +F(G-1)E
=FE + FGE - FE
=FGE
— |FE| |l + FGE| =

1
[1-FE|
= |FE| = [I-FE| [FGE|
(option (A) is Correct)
Ans. (B, C, D)
det(M) =0
M = adj(adj M)

M = det(M).M

M M = det(M).M?

I = det(M).M?

det(I) = (det(M))’

1 = det(M)

From (i) I= M?
(adj M)> = adj MH) =adjI1=1

=I-EF

(D

IFGE|

— |FE| = [FGE] (from (1))

. (Q)

.. (ii)
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8. Ans. (5 )

® a(0) = 1 —2sin0 cos?e =151 295 1
Sol. M-I 2

Letaz|? b AT a’+bc ab+bd
c d ac+dc be+d?

A’ =
ch +adc+be? +d%c

M-II

9.
Sol.

a’ +2abc + bdc

abc +2bcd +d’
Given trace(A)=a+d=3

and trace(A”) = a’ + d* + 3abc + 3bcd =18
= 2 +d +3bcatd)=-18
= a2’ +d+9%bc=-18

(a+ d)((a+ d)> - 3ad) + 9bc =18

-

= 3(9-3ad)+9bc=-18

=  ad —bc =5 = determinant of A
a b

A= ; A=ad-bc
c d

IA—All=(a—2A)d—A)—be
=22~ (a+d)x +ad—bc

=230+ A
= O0=A-3A+Al
= A’=3A-Al
=  A’=3A7-AA

=3(3A—Al) - AA
=(9— A)A - 3Al

{a b} {1 0}
=9 -A) -3A
c d 0 1

trace A* = (9 — A)(a +d) — 6A
= —18=(9-A)(3)-6A
=27-9A
= IN=45=A=5
Ans. (B)
Given M = al + BM_1
=M —aM-BI=0

By putting values of M and Mz, we get

a’b+abd + b’c + bd?

|

10.

Sol.

Also, B(0) = —(sin*0cos0 + (1+ cos’0) (1+ sin’0))

= f(sin46cos46 + 1+ cos®0 + sin’0 + sin29cos26)

: 2
@t =20 oL
4 4

37
=BO =17

Ans. (A, C, D)

(adjM);;=2-3b=-1=b=1

Also, (adjM)py =-3a=-6=a=2
01 2

Now, detM=|1 2 3|=-2
31 1

= det(adiM?) = (detM?)*

= (detM)* = 16

M_] _ adJM
detM

= adjM =-—2M"

Also

= (adjM) ' = _?IM

And, adjiM ) =M )" detM™)
I oM

" detM 2

Hence, (ade)ﬁ1 + adj(Mfl) =-M

Further, MX=b
~ X=M'p- M
-1 1 -1][1
_-1 8 -6 2|2
2
-5 3 -1|3
| -2 1
——| 2 |=|-1
2
-2 1

= ((X, B’ 'Y) = (17 _19 1)
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11.  Ans. (B, C, D)

Sol. LetQ=|1 0 2

X" = i(PkQPg ) =X
k=1
X is symmetric

1
Let R=]|1
1

XR = z  QP/R.["- Px'R=R]

. 2 22 6

dP=l2 2 2 QR=|3

! 222] 6
2 2 2][6] [30

=XR=[2 2 2|/3|=|30|=30R
2 2 2]6] |30

Trace X = Trace (Z QPTJ

K=1

26: race P QPT) (TraceQ)

{1 =30|1

:>(X—3OI) 1|=0=|X-301I=
1

= X —30I is non-invertible

12.

Sol.

Ans. (C, D)

1
det(R) = det(PQP ') = (det P)(d -
et(R) = det(PQP ) = (det P)( etQ)(detPj

=detQ
=48 — 4x>
Option (A) :
forx=1det (R)=44+0
o 0
- for equation R| B |=|0
Y 0

We will have trivial solution
a=B=y=0
Option (B) :
PQ=QP
PQP ' =Q
R=Q
No value of x.
Option (C) :

2 X X
det|f0 4 0 (+8

X x 5
=(40-4x)+8=48-4x*=detRV x e R
Option (D):

2 1 2/3

R=|0 4 4/3
0 0 ©

1
(R-6I)la|=0
b

:>—4+a+%=0

—2a+ﬂ:0
3

=a=2 b=3
a+tb=5

ALLEN®



ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

13.  Ans. (A, D) 15. Ans. (A, B)

Sol. We find D = 0 & since no pair of planes are | 16-  Ans. (1) ) AU
parallel, so there are infinite number of Sol. A=0=1d 7? ) - ;x(oc ; o)ta (e —a)=0
solutions. (I-a’)-a"+a =0

14.

Sol.

Let aP; + APy =P;

= Py +7P,=13P;

= by + 7by=13b3

(A) D#0 = unique solution for any by, by, b3
(B) D=0but Py + 7P, # 13P3

(C) As planes are parallel and there exist

infinite ordered triplet for which they will

be non coincident although satisfying

by + 7by = 13bs.

". rejected.
D)D=0
Ans. (4)

. a4 &
A=, b, b,

G G G

= (albzc3 +a,bsc, +asbc, ) - (::»13bzc1 +a,b,cy + alb3c2)

X y
Nowifx <3 andy=>-3

the A can be maximum 6

But it is not possible

asx=3 =>eachtermofx=1

and y =3 = each term of y =1

3 3
= Halblcl =1 and Halblcl =-1
i=l1 i=l1

which is contradiction
so now next possibility is 4
which is obtained as
I 1 1
-1 1 1|=10+)-1(-1-D)+1(1-1) =4
I -1 1

17.

Sol.

18.

Sol.

(-1’ =0= a==1

but ata=1 No solution so rejected
ato =-1 all three equation become
x —y + z =1 (coincident planes)
o ltoa+al=1
Ans. (A)
a b c
Let M=|d e f
g h i

L trMIM)=a + b2+ A AP P g+ i

=5, where entries are {0,1,2}
Only two cases are possible.
(I) five entries 1 and other four zero
2 Cs % 1
(ID) One entry is 2, one entry is 1 and others are 0.
2 Cy % 2!
Total = 126 + 72 =198
Ans. (B, O)
PQ=kI
PLIQI =K’
= |P| =2k # 0 = P is an invertible matrix
~ PQ=klI
L Q=kP I
adj.P

2

k

Q3= ——
8

- —(Ba+4)  k
T2 s
S P|=2k=k =10+ 6a (1)
Put value of k in (i).. we get oo =—1

Ldo—-k+8=0

. Q=

=k=4
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19.

Sol.

20.

Sol.

10

Ans. (B)
1 0 0 1 00
P=|4 1 —p*= 8 1 0
16 4 1 16+32 8 1
1 0
so, PP = 12 1

16+32+48 12 1

(from the symmetry)

1 0
PY=| 200 1 0
16.50.51 200 1
AP Q=1=qs = 16.50.51
2
q32 =200 and q; =200
K q31+q32 — 16-50.51 +1
q,, 2.200
=102+1=103
Ans. (C, D)
T _ T T
X ==Xy =%Yy,2 =%

(A) LetP= y3z4 - Z4y3
pT = (y3z4)T B (z4y3)T
= —z4y3 + y3 Z'=P= symmetric
(B) LetP=x*+y*
p'= (X44)T + (y44)T =P = symmetric

(C) LetP= X'z

3.4
-Z'X
T _ (3T, AT 4T, 3T
P =(z)x) -x) ()
=2x"—x"7 =—P = skew symmetric

(D) LetP=x>+y”

Pl=—x*— y23 =—P = skew symmetric

21.

Sol.

22.

Sol.

Ans. (C, D)

a b
Let M =
NN

(A) Given that {{j = {b} = a=b=c=o(let)
c

a o . )
= M= { } = |M| =(0= Non-invertible
a o
(B) Given that [bc] =[ab] = a=b=c = a(let)

again [M| = 0 = Non-invertible

0
(C) As given M = a = M|=ac=0
0
c

(-~ a & care non zero)

= M is invertible
a b )
D) M=| =[M|=ac-b’ =0
c

-+ ac is not equal to square of an integer

.. M is invertible

Ans. (A, B)

(A) M-NH)M+NH)=0..(1)

(. MN? =N*M)

= M-N}M+N? =0

CaseI: If[M+N%=0

-~ [M? +MN? =0

Case Il : If M + N2| #0 = M + N is invertible
from (1)

M-NHYM+NHYM+NH)'=0

— M — N*= O which is wrong

B) M+N)M-N*)=0

pre-multiply by M

S M+MNHYM-N)=0 ..(Q2)
LetM-N>=U

= from equation (2) there exist same non zero 'U'

M>+MN)U=0




