ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
INVERSE TRIGONOMETRIC FUNCTION

1. Let tan™' (x) € (—g,gj , for x € R. Then the number of real solutions of the equation

J1+cos(2x) = \/Etal’fl (tan x) in the set (—%,—Ej u(—ﬁ Ej U(E,%) is equal to

2 2°2 2

[JEE(Advanced) 2023]

2. Foranyy € R, let cot_l( y) € (0, ©) and tan”' (y) € [—g,gj Then the sum of all the solutions of the

2
- 2
equation tan™' [9 by 5 J +cot™! (96—}7} = ?n for 0 <|y|<3,is equal to [JEE(Advanced) 2023]
-y y
(A) 24/3-3 (B) 3-24/3 (C) 44/3-6 (D) 6-43

3. Considering only the principal values of the inverse trigonometric functions, the value of

3 [ 2 1. 2 2
—cos +—sin +tan —
2 2+1° 4 + 7 T
is . [JEE(Advanced) 2022]
n 2
4. For any positive integer n, let Sy, : (0, ©)— R be defined by S_(x) = ZCOt_I (Mj , where for
k=1 X
any x € R, cot 'x € (0,7) and tan™' (x) € (—g,gj Then which of the following statements is (are)
TRUE ? [JEE(Advanced) 2021]
2
(A) S, (x) =§— tan ™! (1 +1:‘__)1X J ,forallx>0 (B) lim cot(Sn (x)) =x,forallx>0
X n—oo

(C) The equation S, (x) =§ has arootin (0,0) (D) tan(Sn (x)) < % ,foralln>1land x>0

5. For non-negative integers n, let

L (k+1 j (k+2 )
Zsm 7 |sin T
B n+2 n+2
o .2(k+1 )
ZSIH T
o n+2

Assuming cos ' x takes values in [0, ], which of the following options is/are correct ?

[JEE(Advanced) 2019]
, 1 _ 3
(A)sin (7 cos  f(5))=0 (B) f(4)= =N
(C) lim f(n) =% (D) If .= tan (cos ' f(6)), then o® + 20— 1 =0

10 k+1)n
6. The value of sec™ [% Z sec( m + EJ sec (7_71 + u}j in the interval {—g,%ﬂ equals

=712 2 12 2
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7.

10.

[JEE(Advanced) 2019]
The number of real solutions of the equation
sin”! Zx”l —XZ(EJ =T cos™ Z[—i) —Z:(—x)i
i=1 i\ 2 2 i\ 2 i=1
lying in the interval (—%,%) is . [JEE(Advanced) 2018]

. . . . . . . T T
(Here, the inverse trigonometric functions sin 'x and cos 'x assume value in [—E,E} and [0, m],
respectively.)

LetE; = {xeR:xiland L>0}

x—1

and E, = {x €E, :sin™ (loge (LID is a real number} .
X —

. . . . .1 . T T
Here, the inverse trigonometric function sin™ x assumes values in —E,E .

Let f:E; — R be the function defined by f(x) = log, (LJ

and g : E> — R be the function defined by g(x) =sin"" (loge (%D [JEE(Advanced) 2018]
X —
LIST-1 LIST-1I
P. The range of f is 1. (—oo,L v L,ooj
l-¢ e—1
Q. The range of g contains 2. (0,1
R. The domain of f contains 3. [—%,%}
S.  The domain of g is 4. (—0,0)U(0,0)
5. (_w, L}
e—1
1 e
6. —0,0)U| —, —
( ) (2 e—1 }
The correct option is :
AP->4Q->2,R>1;S—>1 B)P—->3Q->3R>6,S>5
OP->4,Q>2;,R>1;S—>6 D)P—>4,Q—>3;R—>6,S>5

If o =3sin”’ (%j and B=3cos™ (gj where the inverse trigonometric functions take only the principal

values, then the correct option(s) is(are) [JEE(Advanced) 2015]
(A) cosp>0 (B) sinf <0 (C) cos(a+P)>0 (D) cosa<0
Let f : [0,4n] — [0,%] be defined by f(x) = cosfl(cosx). The number of points x € [0,47] satisfying the

10-x
10

equation f(x)= is [JEE(Advanced) 2014]
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SOLUTIONS . 2 _1( - J
and tan~ —=cot™ | —
1.  Ans.(3) m 2
Sol. \/§|cosx|=\/5.tan_l (tanx) . Expression

|cos x| =tan"' tanx
Ny

3n/2 /-1 —m/2 0 nn2 T 3n/2
——y = tan '(tanx)

No. of solutions = 3
2. Ans. (C)
Sol. Case-1:y e (-3,0)

tan™ 6y2 +7+tan” 6y2 =2—n
9-y 9-y 3

2tan"[ 6y2j:_£
9-y 3

V2 —63y-9=0=y=3J3-6("vy € (-3,0)

Case-1: y € (0,3)

2

2tan‘( by ]zz?’—n:x/gy2+6y—9x/§=0

9-y
y= \/g ory= —3\/§ (rejected)

sum =3 +3V3-6=4J3-6

3. Ans. (2.35 or 2.36)

2
Sol. cos™! > = tan~! I
2+ 7 2
247
i
- aN
V2

2+m

rx
sin”! [ 2N2n } =sin"! —\/5

——2tan" (%)

(AS, sin”! (1 2x jzn—2tan_' X, X 2 1]
+X

[\S]

y = |cosx|

Sol.

(A)

(B)

©)

(D)

:E+E:3—n =2.350r2.36
2 4 4

Ans. (A, B)

S, (x)=tan”’ [;j

1+ kx (kx + x)

_ itanfl ( (kx +x) —(kx) J

k=1 I+ (kx +x)(kx)

Sa(x) = tan_l(nx +X) — tan 'x

1( nx j
=tan 5
I+(n+1)x

1 10x
S1o(x =tan1
10(X) 1+11x°

2
_ g _tan—1(1+llx J(x>0)

10x
1+(1+1jx2
n n
X

lim cot(Sn(x)) = lim

=x(x>0)
3x _T
1+4x> 4

—=4x°-3x+1=0=>x¢R

S3(x) = tan !

tan(Sa(x)) = ————— ;¥n>1;x>0
I+(n+1)x
We need to check the validity of

n—ngl Vn>1;x>0;neN
I+(n+1)x" 2

:>2nx£(n+1)x2+1

\

0

:>(n+1)x2—2nx+120Vn21;x>0;neN

3
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Discriminant of y = (n + l)x2 —2nx + 1is

D=4n’-4(n+1)andne N

D<0forn=1;true forx>0
D>0forn>2 = dsomex>0
for which y < 0 as both roots of
y = 0 will be positive.

=+ Dx*-2nx+1,n>2

So,y>20Vn>1;Vx>0;n e Nis false.

5.  Ans. (A, B,D)
n j (2k+3) j
— COS T
2 n+2

i(cos(n +

Sol. f(n)=*=2 -
Z(l—cos[mﬁ_z)nj
e n+2
& 2k +3
. (n+1)cos(nzzj—(§;cos(n:zj j
n) =
(+1) (ZC (2k+2jj
n((n+l)n)
(n+1)cos n+2 .cos(n+3jn
sin( j n+2
B n+2
Hm)= n((n+1)n)
(n+1) n+2 cos 2(n+2)m
. ( i j ' 2(n+2)
sin
n+2
(n+l)cos( T j+cos( T )
f(n) = n+2 n+2
(n+1)+1

=)
+2
(A) sin[7cos_l cos%) =sinnt=0

NE

i
(B) f(4)= cosg = >

=gx)= cos(
n

(©) limcos( T j=1
n+2

n—oo

(D) oaztan(cos_l COS%)=\/§—1:>OL+1=\/§

o’ +20—-1=0

6.

7.

Ans. (0.00)

10

sec”! lz !
4= Tn  km Tn  (k+Dm
cos E+— cos| —+

12 12 2

. (7n (k+1)n (775 knD
sin + +
S 1< 12

CO(+)

7n (k+1)nj

)

=sec!| ——x =sec ' (1)=0.00
. In
Sin—
6
Ans. (2)
© ) 2
ZX1+1
i=1 X

:2+X
i =X

i;(—X) T 1ix
To have real solutions
i=1 i1\ 2 o\ 2 i

X2 X2
l—x_2—x:2+x 1+x
X(X° +2x° +5x—2)=0

" x=0andletf(x)=x3+2x2+5x—2
f(x)>0=fis T

By

Hence two solutions exist

—X X
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8.  Ans.(A) 9.  Ans. (B, C, D)
X
Sol.  E;: 1 >0 Sol. o =3sin' > & B:3c0s*1i
X 11 9
+ - +
0 1 1

= E;:xe (0, 0)u(l,x)

Ezzlsén(ijg

x+1
1 X
—<——>~Xe
e X-
1
Now ————2>0
x—1 e
(e—Dx+1
e(x—-1)
+ — -+
—1/(e-1) 1
1
= XE€ (oo,—}u(l,oo)
I-e
also —— —e<0
X_
(e-Dx—e 50
x—1
+ — +
1 e/(e-1)

So Ej: (OO,L:lU[i,OO}
I-e e—1

Xlof isR" - {1}

= xe(wu ‘:Lloo:|

as Range
X
= Range of fis R — {0} or (-0, 0) U (0, )

-T T
Range of gis | —,— | \ {0} or
geof g [2 2} {0}

o]

NowP —>4,Q—>2,R—>1, S—>1

1 .46
S —>—=>sin" —>sin’ —
11 2 11 2

1

N

= 3sin*1£>3sin’ 1
11 2

T
o> —
2
cocosa <0

Now, B=3cos™ g

: i<l:>3cos"£>3cos_Il
9 9 2

L B>n

- cosP <0 & sinf} <0

Now, o is slightly greater than g & B is

slightly greater than ©t
socos(a+PB)>0
10. Ans. (3)

Sol.

(0,1)

y=cos ' (cosx)

t } t ¥ t N < t X
2 m 32 2n Sm2 3n 10 dg
_10—=x =1_X
10 10
. 10 —x
from above figure it is clear that y = and

y =cos ™' (cosx) intersect at 3 distinct points, so

number of solutions = 3




