ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

DIFFERENTIABILITY
1. Let the function f : R — R be defined by f(x) = X —x*+ (x—1)sinx and let g : R — R be an arbitrary

function. Let fg : R — R be the product function defined by (fg) (x) = f(x) g(x). Then which of the

following statements is/are TRUE ? [JEE(Advanced) 2020]
(A) If g is continuous at x = 1, then fg is differentiable at x =1

(B) If fg is differentiable at x = 1, then g is continuous at x = 1

(C) If g is differentiable at x = 1, then fg is differentiable at x = 1

(D) If fg is differentiable at x = 1, then g is differentiable at x =1

2. Let the functions f: (-1, 1) > Rand g: (-1,1) = (-1, 1) be defined by
fx)=2x—1|+|2x+ 1| and g(x) = x — [X],
where [x] denotes the greatest integer less than or equal to x. Let fog:(—1, 1) > R be the composite

function defined by (fog)(x) = f(g(x)). Suppose c is the number of points in the interval (—1, 1) at which
fogis NOT continuous, and suppose d is the number of points in the interval (-1, 1) at which fog is NOT
differentiable. Then the value of ¢ + d is . [JEE(Advanced) 2020]

3. Let f: R > Rand g : R - R be functions satisfying f(x +y) = f(x) + f(y) + f(X)f(y) and f(x) = xg(x)

forall x,y € R. If lin% g(x) =1, then which of the following statements is/are TRUE?
X—>

[JEE(Advanced) 2020]
(A) f is differentiable at every x € R

(B) If g(0) = 1, then g is differentiable at every x € R
(C) The derivative f'(1) is equal to 1
(D) The derivative f'(0) is equal to 1
4. Let f: R — R be a differentiable function with f(0) = 1 and satisfying the equation

fx+y)=ff () + ff(y) forallx,y € R.
Then, then value of loge(f(4)) is . [JEE(Advanced) 2018]

T

5. Letfi: R>R,f: [—g,gj —>R, f3: (—1, e2 —2} — R and fs: R —> R be functions defined by

() fi(x)= sin(\/l —exzj

sinx| .
.. | 1 | if x=0 . . . . -1 .
(i) £2(x) =9tan"'x , where the inverse trigonometric function tan X assumes values in

1 if x=0

(iii) f3(x) = [sin(loge(x + 2)], where for t € R, [t] denotes the greatest integer less than or equal to t,

1
x2 sin[—] if x#0

(iv) fax) = X
0 if x=0

[JEE(Advanced) 2018]
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List-1 List-1T
P. The function fj is 1. NOT continuous at x =0
Q. The function f; is 2. continuous at x =0 and NOT
differentiable at x =0
R. The function f3 is 3. differentiable at x = 0 and its derivative is NOT

continuous at x =0

S. The function f; is 4. differentiable at x = 0 and its derivative is
continuous at x =0

The correct option is :

AP—>2,Q—>3,R>1;S—>4

B)P>4,Q—>1;,R>2;S—>3

C)P>4Q—>2,R>1;S—>3

D)P->2,Q>1;R>4S—->3

6. Leta,b € Rand f : R — R be defined by f(x) = acos(|x3 -x|)+ b|x|sin(|x3 + x|). Then f is -
[JEE(Advanced) 2016]

(A) differentiable at x =0 ifa=0and b= 1

(B) differentiable at x =1 ifa=1and b=0

(C) NOT differentiable atx=0ifa=1and b=0

(D) NOT differentiable at x =1ifa=1andb=1

7. Let f: [—%,2} —R and g: {—%,2} — R be function defined by f(x)=[x2—3] and

g(x) = x| f(x) + [4x — 7| f(x), where [y] denotes the greatest integer less than or equal to y for y € R. Then
[JEE(Advanced) 2016]

. . . 1
(A) f is discontinuous exactly at three points in [—5,2}
L . L 1
(B) f is discontinuous exactly at four points in {—5,2}
. . . . 1
(C) g is NOT differentiable exactly at four points in (—5,2]

(D) g is NOT differentiable exactly at five points in (—%,2)

8. Let g : R — R be a differentiable functions with g(0) =0, g'(0) =0 and g'(1) # 0. Let

= g
f(x)=11x|
0 , x=0

(x) , x#0

and h(x) = e for all x € R. Let (foh)(x) denote f(h(x)) and (hof)(x) denote h(f(x)). Then which of the

following is(are) true ? [JEE(Advanced) 2015]
(A) f is differentiable at x =0 (B) h is differentiable at x =0
(C) foh is differentiable at x =0 (D) hofis differentiable at x = 0
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9.

10.

Let f: R > R and g : R — R be respectively given by f(x) = x| + 1 and g(x) = x> + 1. Define

h:R—>R by [JEE(Advanced) 2014]

h(x _ {max{f(x),g(x)} if x<0,
min{f(x),g(x)} if x>0.
The number of points at which h(x) is not differentiable is
Let fi:R>R, f,:[0,0) >R, f3: R—>Rand fs: R— [0, ©) be defined by [JEE(Advanced) 2014]
x| if x<0,

e* if x>0;

fl(X):{

f20=x;
sinx if x<0,
J3tx) = { x if x>0
and
Fa(x) = { f>(f1(x)) %f x <0,
£, -1 if x20.
List-1 List-11
P. f4is 1. onto but not one-one
Q. f3is 2. neither continuous nor one-one
R.  faofiis 3. differentiable but not one-one
S.  fois 4. continuous and one-one
Codes :
P Q R S
(A) 3 1 4 2
B) 1 3 4 2
©) 3 1 2 4
D) 1 3 2 4
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Sol.

Sol.

SOLUTIONS

Ans. (A,C)

fiRH>R f(x)=(+sinx) (x - 1) f(17)
=f)=f1)=0

o) f(x)e(x) fz:R—>R

let fg(x) =h(x) = f(x).g(x) h:R—>R

h'(x) = f(x)g(x) + f(x) g'(x)

h'(1) = (1) g(1) + 0,

(as f(1) =0, g'(x) exists}

= if g(x) is differentiable then h(x) is also
differentiable (true)

option (¢)

option (A) If g(x) is continuous at x = 1 then
g1 =g(1) =g

b = lim 20D =hO)

h—0* h
h—0" h
(1) = lim (A=A =0 _ )0y
h—0* —h
So  h(x) = f(x).g(x) is differentiable
atx=1 (True)

option (B) (D)
(1) = lim 2D =00

h—0* —h

i) = tim LEECED )

h—0"

h'(1") = h1i_)r(r)1+ %ﬁ(l_h) =f'(1).g(1")
= g(1") =g(1)
So we cannot comment on the continuity and
differentiability of the function.
Ans. (4)
f)=12x 1]+ 2x + 1|
g(x) = {x}
f(gX) = [2{x} = 1] + [2{x} + 1]

BE {X}S%

e w1

Sol.

e

I
1 “12 1/2 1

discontinuous atx=0=>c=1
i i —_1 1 =
Non differential at x = A, 0, H = d=3
c+td=4
Ans. (A, B, D)
since f(x) = xg(x)
i /()= i xe(x)

limf(x) = (lim x).(lim g(x))

x—0 x—0 x—0
li =0x1=0 (1
lim f(x) =0 (1)

fFy)=fx)+f(y)+ fx) f(y)
Now we check continuity of f(x)

atx=a

lim f(a+h)=f(a)+ f(h)+ f(a)f(h)

h—0

lim (f(a)+ £(h)(1+f(a)))

h—0
im (a-+)= /(2
.. f(x) is continuous V x € R
lim £ (x)=1(0) =0 (tim 1 (x)=0)
s f(0)=0
1)

and lim——~==
x>0 ]

S f0)y=1

Now

fxty)= fx)+ f(y) + f(x) f(y)

using partial derivative (w.r.t. y)

fE+Y) =1+ ) f(y)

puty=0

fx)=f(0) + f(x) £'(0)

fx) =1+ f(x)

| f'(x)
1+ f(x)

dx=j1dx
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|1+ f(x))| =x+C

£(0)=0;c=0 .'.|1+f(x)| =
1+ f(x)==+c"or f(x)=+e" -1
Now f(0)=0 . f(x)=¢"—1

s fx) = 1

option (A) is correct

and f'(x)=¢"

f'(0) =1 option(D) is correct

;o x#0

x=0

=lm————=—
h—0 h 2

option (B) is correct

4. Ans. (2)

Sol. P(x,y):f(x+y)=f{x)f(y)+(x)f(y) Vx,yeR
P(0, 0) : £(0) = f(0)f'(0) + £'(0) f(0)
= 1=21(0)

_1
= £(0)= -
P(x, 0) : f(x) = f(x). £(0) + f(x).f(0)

= f(x)= %f(x) +f'(x)

1
= fi(x)= Ef (x)
Ly
= f(x)= e?
= In(f4)) =2
5.  Ans. (D)

Sol. (i) f(x)=sinyl-e™*

£ ) =cosvl—e® ——(0—e (2x)
l Wi-e ( )

f;(x) does not exist atx =0

So.P—>2

Sol.

7.

Sol.

|sinx | 20
(i) HE)={tan'x’
0 x=0
. sinx X
lim - =1
x=»0" X tan X

= f5(x) does not continuous at x = 0

SoQ—>1

(1) f3(x)= [sinf n(x+2)] =0

l<x+2< e"?

b

= 0</nx+2)< E

= O<sin(/n(x+2))<1

= f3(x)=0

SoR—>4

x? sinl x#0
(iv)  fu(x)= X’
0 , x=0

SoS—3

Ans. (A, B)

If  x-x >0= cos|x3 —X|= cos(x3 —X)

X —x<0= cos|x3 —X|= cos(x3 —X)

Similarly

b|X|sin|X3 +x|= bxsin(x3 +x)forallx e R
fx)= acos(x3 -Xx)+ bxsin(x3 + X)

which is composition and sum of differentiable

functions

therefore always continuous and differentiable.

Ans. (B, O)

f6)=1x1-3

g(0) = (x| + [4x = 7)([x"] - 3)

1
f is discontinuous at in [—5,2}

and |x| + [4x — 7| # 0 at XII,\/E,\/g,2

=  g(x) is discontinuous at X = 1,\/5 ,\/5 in

(4

In(0—8,0+3)
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Sol.

g(x) = (x| + [4x =7)). (-3)

= 'g' is non derivable at x = 0.

In (1—8,14—8)
4 4
gx)=0as f(x) =0

= Derivable at x = %

" 'g" is non-derivable at 0, 1,\/5 ,%

Ans. (A, D)

—g(x) , x<0
' '(x) , x20
= f (X):{_ggv(x) . x<0

®B) h(x):{e" , x>0

e , x<0
v e, x>0
:h(x)_{—e" , x<0
h'(0")=1,h'(0)=-1, .. Bis wrong
(©)  f(h(x) = g(hx)) as h(x) >0

g(ex) , x>0
z:g(e‘x‘):

g(e‘x) , x<0
' g'(ex)eX , x>0
oo —g'(e"‘)e_X , x<0
z'(07)=g'(1),2'(07)=—g'(1) and
g'(1) #-g'(1)

so C is wrong

lgCl _
R Ie]

® g x

e —1 1g(x)-0] | X|

. — =0
=0 [g(x)] X X

ALLEN®
9. Ans. (3)
Sol.
M
1 0 1 *
h(x) is not differentiable at x =+1 & 0
10. Ans. (D)
Sol. @) f,00={ % X0
ol. X)=
) e —1; x>0

(R)

)

f4(x) is onto and one-one

\/

/ \/ \/lo

RHD = LHD =1, f3(x) is differentiable

But not one-one

gﬁ

;o x<0

;o x20

[ (f1(x))=

Neither continuous nor one-one

JL

Continuous and one-one function




