ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
DEFINITE INTEGRATION

1.  Letf: (0, 1) > R be the functions defined as f(x) = Jnif x e[ ! l’lj where neN. Let g: (0, 1) >R
n+l n

be a function such that I ‘ {% dt<g(x) < 24/x forall x€(0, 1). Then lin?) f(x)g(x)
xz X—>

[JEE(Advanced) 2023]
(A) does NOT exist (B) is equal to 1
(C) is equal to 2 (D) is equal to 3

2. For xeR, let tan | (x)e —E,E . Then the minimum value of the function f : R — R defined by
2°2

f(x)= Xta;i;l xlit%s;dt is [JEE(Advanced) 2023]
3. Consider the equation
j (log, X)l/z 3 dx=1, ae(—»,0)U(,0).
1 x(a —(log, x)m)
Which of the following statements is/are TRUE ? [JEE(Advanced) 2022]

(A) No a satisfies the above equation
(B) An integer a satisfies the above equation
(C) An irrational number a satisfies the above equation
(D) More than one a satisfy the above equation
4. The greatest integer less than or equal to

2 log, 9 1
Ilogz (x> +1)dx + J (2x - 1)5 dx
1

1

is . [JEE(Advanced) 2022]

5. For positive integer n, define

16+5n-3n> 32+n-3n> 48-3n-3n° 25n—7n>
n-+ + + +

n) =
J) 4n+3n° 8n +3n? 12n + 3n? 7n?
Then, the value of lim f(n) is equal to [JEE(Advanced) 2022]
n—o
4 3 7
A) 3+—log. 7 B) 4—=log. | —
(A) 3 log. (B) 2 ge(3j
4 7 3
C) 4——log | — D) 3+=—log.7
© 3 ge(J (D) 218
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6. Letf: ‘:—g,g} — R be a continuous function such that

£0)=1and J.ng(t) dt=0

Then which of the following statements is (are) TRUE? [JEE(Advanced) 2021]

(A) The equation f'(x) — 3 cos 3x = 0 has at least one solution in (0,%)

(B) The equation f(x) — 3 sin 3x = 8 has at least one solution in (0,%)
T

(C) lim X, 110 =

x—0 1—¢*

inx[ £(t)dt
(D) 1im%:

x—0

Question Stem for Questions Nos. 7 and 8
Question Stem

Let g, {g,%} —->R,i=1,2,and f: {g %} — R be functions such that

2

g1(x) =1, g2(x) = [4x — x| and f(x) = sinzx, forall xe [g,%}

3n
5
Define S, = [ f(x)-g,(x)dx, i=1,2

8

7.  The value of 165, is ) [JEE(Advanced) 2021]
T
48S, .
8. The value of —= is . [JEE(Advanced) 2021]
T

Paragraph for Question No. 9 and 10
Lety :[0,0) > R, y;:[0,0) > R, /:[0,0) —> Rand g : [0, ) — R be functions such that
/(0)=g(0)=0,
yi(x)=e’ +x, x20,

Wa(X) = X° —2x —2e *+2,x >0,
F= [ (Il-£)e™ dt, x>0
and

g(x) = J‘OX_ Jtetd, x>0




ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

9.

10.

11.

12.

13.

14.

15.

16.

Which of the following statements is TRUE ? [JEE(Advanced) 2021]
1
A) f(Vm3)+ g(\/1n3):5

(B) For every x > 1, there exists an a € (1, x) such that y;(x) = 1 + ax

(C) For every x > 0, there exists a B € (0, x) such that y2(x) = 2x(y1(B) —1)
(D) fis an increasing function on the interval [0,%}

Which of the following statements is TRUE ? [JEE(Advanced) 2021]
(A yi(x) <1, forallx>0
(B) ya(x) <0, forall x>0

©) f(x)21-¢e™ —§x3 +%x5, forall x e [o,éj

2 2 1 1
D <Zx*-Zx°+—x, forall (0,—)
(D) g(x) 3x 5x 7X X € 5

For any real number x, let [x] denote the largest integer less than or equal to x. If then the value of 91

is . [JEE(Advanced) 2021]
Which of the following inequalities is/are TRUE? [JEE(Advanced) 2020]
1 3 1 3
(A) Ixcosxdxz— (B) Ixsinxdxz—
0 8 0 10
1 1 1 2
©) IxzcosdeZ— (D) fxz sinxdx >—
0 2 0 9

Let f : R — R be a differentiable function such that its derivative f' is continuous and f(w) =—6.

IfF: [0, r] > R is defined by F(x) =I; f(t)dt, and if

]E(f'(x) +F(x))cosx dx =2,
0

then the value of f(0) is . [JEE(Advanced) 2020]

2 /4
If I=— dx then 271 equals . [JEE(Advanced) 2019]

Tl 0+ e ™)(2 — cos 2x)

For a eR, |a] > 1, let lim =54 . Then the possible

n—oo 7/3 1 1 1
n 2 + 3 + o + —
(an+1)" (an+2) (an +n)

value(s) of a is/are : [JEE(Advanced) 2019]
(A)8 B)-9 ©) -6 D)7

/2 [
The value of the integral I 3vcosH ~d0 equals [JEE(Advanced) 2019]

b (Joos0+in0)
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17.  For each positive integer n, let y, = l(n +1D)(n+2)...(n+n)""
n

For x e R, let [x] be the greatest integer less than or equal to x. If limy =L then the value of [L]

n—ow

is . [JEE(Advanced) 2018]

18. The value of the integral

1+\/§
1

(x+D*(1-x)°)*
is . [JEE(Advanced) 2018]

dx

S —_ o —

19. Letf: R— R be a differentiable function such that f(0) =0, f (§j= 3and f(0)=1.If

M ——0 | 3

g(x) = [f'(t) cosec t—cot t cosec t f(t)] dt
for x € (O, g} , then limy _, ¢ g(x) = [JEE(Advanced) 2017]
98 k+1 k+1
20, IfI=) j — " _dx, then [JEE(Advanced)-2017]
pariie X(x+ 1)
(A) I< » (B) I <log.99 O I> il (D) I>10g:99
50 50
sin(2x)
21 Ifg= [ sin” (1) dt, then [JEE(Advanced) 2017]
s T
A)g' | —|=2n Bg|-—|=2n
we(3) e
T T
Og|=|[=2=n D)g|-—|=-2n
©¢ (2) ®)e [ 2)
2 x?cosx . .
22. The value of I o dx is equal to [JEE(Advanced) 2016]
L 1+e
2
s s - >
(A) 7_2 (B) T+2 (C) n* —e? (D) ©* +e2

x/n

nn(x+n)(x+r21) ..... [x+nj
23. Let f(x)=lim n > , for all x > 0. Then [JEE(Advanced) 2016]
n n
2

)

©) f(2)=0 (D) 1'G) . f'@

3 1@

| Do
N—

1 1
(A) f(gjzf(l) (B) f(g)ﬁf(3
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X2
24.  The total number of distinct x € [0, 1] for which j T dt =2x-11is
+
0
[JEE(Advanced) 2016]
25. Let f:R — R be a function defined by f(x) = {[X] .
, X>

2 xf(x2
where [x] is the greatest integer less than or equal to x. If 1= I#dx , then the value of
S 2+ f(x+1)

4I-1)1s [JEE(Advanced) 2015]

1 2

- 12+9 _ ..

26, Ifa= I(egm tan”" x )[ ; ;( de , where tan 'x takes only principal values, then the value of
+X

(loge |1+q —%"j is [JEE(Advanced) 2015]

27. Let f: R — R be a continuous odd function, which vanishes exactly at one point and f (1) = % Suppose

. F(x) 1
that F(x jf t)dt forall x e [-1,2] and G(x j ‘f ‘dt for all x e [-1,2]. If lim——2 = —

x>l G(X) 14
then the value of f (%) is [JEE(Advanced) 2015]

28.  The option(s) with the values of a and L that satisty the following equation is(are)
4
e'(sin® at + cos” at)dt

=L7? [JEE(Advanced) 2015]

e'(sin® at + cos* at)dt

!
|

47':_ 4n
(A)az2, L= 1 (B)a=2 L= t1
e" -1 e" +1
471_ 4n
(€)a=4 1= "1 D)a=41=2"1
e" -1 e" +1

29. Letf(x)= 7tan®x + 7tan®x — 3tanx — 3tan’x for all x (—g, gj . Then the correct expression(s) is(are)

[JEE(Advanced) 2015]
/4 /4
(A) [ xf(x)dx = % ®) [ fx)dx=0
0 0
/4 1 /4
© [ xf(x)dx = ©®) [ fdx=1
0 0
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30.

31.

3 1
Let f'(x)= % for all x € R with f (l) =0.If m< j f(x)dx <M, then the possible values of m
2 +sin” ©x 2 12
and M are [JEE(Advanced) 2015]
(Aym=13,M =24 (B) m=1 M=1
4 2
C)m=-11,M=0 D)ym=1,M=12

Paragraph For Questions 31 and 32
Let F : R > R be a thrice differentiable function. Suppose that F(1) = 0, F(3) = —4, F'(x) < 0 for all

x € (1/2, 3). Let f(x) = xF(x) for all x € R.

The correct statement(s) is(are) [JEE(Advanced) 2015]
(A) f(1) <0 (B) f(2) <0
(O) f'(x) =0 forany x € (1, 3) (D) f'(x) =0 for some x € (1, 3)

3 3
32, If sz F'(x)dx =-12 andjx3F”(x) dx =40, then the correct expression(s) is(are) [JEE(Advanced) 2015]
1 1

33.

34.

3
(A)9F(3)+ f(1)=32=0 B) [ f(x)dx =12
1

3
©9/'3)-f(1)+32=0 (D) jf(x)dx=—12

1
Let f: [a, b] = [1, ) be a continuous function and let g : R — R be defined as [JEE(Advanced) 2014]

0 if x<a

o(x) = L"f(t)dt if a<x<b.
[[fwdeit x>b

Then

(A) g(x) is continuous but not differentiable at a
(B) g(x) is differentiable on R

(C) g(x) is continuous but not differentiable at b

(D) g(x) is continuous and differentiable at either a or b but not both.

1
<« -t
Let f: (0, o) > R be given by f(x) = Le [ J % Then [JEE(Advanced) 2014]

(A) f(x) is monotonically increasing on [1, o)

(B) f(x) is monotonically decreasing on [0, 1)

1
X

© fx)+ f( J=O,f0rallxe (0, 00)

(D) f(2%) is an odd function of x on R
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3s.

36.

37.

38.

39.

(o] & 2\ :
The value of j 4x d—z(l—x ) dx is [JEE(Advanced) 2014]
X
3
The following integral I(2cosec x)""dx is equal to - [JEE(Advanced) 2014]
H
og(1+42 og(1+42
@ [ ) 08 4 e dy ®) |, PE) v 4 ey T gy
og(1++/2 og(1++/2
© |, P i ey gy o [ P 08 _ ey 6 gy

Let f : [0, 2] > R be a function which is continuous on [0, 2] and is differentiable on (0, 2) with

£(0)=1. Let F(x)= j F(t)dt forx e [0, 2]. I F'(x) = f'(x) for all x € (0, 2), then F(2) equals -
0

[JEE(Advanced) 2014]
(A)e’ -1 B)e'-1

(C)e-1 (D) ¢*

Paragraph For Questions Nos. 38 and 39

1-h
Given that for each a € (0,1), lim I t (1 —t)a_l dt exists. Let this limit be g(a). In addition, it is given
h—0"

that the function g(a) is differentiable on (0,1).

The value of g(%j is - [JEE(Advanced) 2014]
(A)m (B) 27

© 7 (D)

The value of g[%j is- [JEE(Advanced) 2014]
(A) g (B) n

© D)0
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40. List-I List-II
P. The number of polynomials f(x) with non-negative 1 8
integer coefficients of degree < 2, satisfying
(0) = 0 and [ f(x)dx =1, is
Q. The number of points in the interval [—\/B ,\/B j 2 2
at which f(x) = sin(x2) + cos(xz) attains its maximum
value, is
2 3x?
R. _f dx equals 3 4
2(1+e")
! 1+x
[Izl cos2xlog(1 jdxj
- -X
S. 12 equals 4. 0
(Izcos2xlog(1 T dexJ
0 1-x
Codes : [JEE(Advanced) 2014]
P Q R S
A 3 2 4 1
B 2 3 4 1
<o 3 2 1 4
D) 2 3 1 4
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SOLUTIONS 2
3a(a—1)
1. Ans. (C)
. 3a°-3a-2=0
l ‘/Tdt.\/ﬁ <f(x)g(x)<24/xn 3445
. 6
J“/lt;tdt =sin”' Vx +v/xV1—x —sin"' x—xv/1-x> | 4. Ans. (5)
v Sol. f(x)zlogz(x3 +1):y
N lim[sin'1 X +\/;\/1 —x —sin”' x—xv/1-%’ < f(x)g(x)SZ\/;] s
0 Vx Jx C+1=2"=x=(2-1) =" (y)
= 2< limf <2
x1£>I(} (X)g(x) f—l (X) — (2x _1)1/3
= lim f(x)g(x)=2 5 log, 9
HO ! ax+ | (20-1)" dx
2. Ans. (0) ! og, (x+ 1
Sol.  f(x)=| i : e
oh. fx)= 0 1 +t*% :'[f(x)dx+ I f~(x)dx =2log,9-1
xtan~! x—cos(x tan™! X) X y ! !
f(X)z1+(xtan‘lx)2°23'(l+x2+tan xj =8<9<27/2:>3<10g29<%
Forx <0, tanlxe(—g,OJ =5<2log,9-1<6
[210g,9-1]=5
Forx>0, tan"'x € {0,%} 5. Ans.(B)
n _ _ 2
= xtan x>0V x eR Sol. f(n)=n+ Z tor+© 4r)r12 3n
— 4m+3n
>0 Forx>0 5
And 2+tan*1x: <0 Forx<0 f(n):n+z(16r+9n)—(4m+3n )
1+x 4rn+3n’
0 Forx=0
. — 4m+3n
L point of minima 164 9n

0
Hence minimum value is f(0) = IO =0

3. Ans. (C, D)

1/2

Sol.

j (log, x)
nx( —(log, )3/2)2

Let a—(log, )()3/2 =t

1/2
oz x) o2

lim f(n) = lim )|

41n +3n’

1 1
:J-16X+9d :J-4d _J- 3dx
o 4x+3 0 o 4x+3
:4—3(£nl4x+3l)0
_a_37
4 3
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6.
Sol.

7.
Sol.

S; =

251 =

10

Ans. (A, B, O)
(A) Let g(x ) = f(x) — 3 cos 3x

Now,
/3 n/3 n/3

I g(x)dx = I S(x)dx -3 I cos3xdx =0

0

Hence g(x) = 0 has a root in (O,gj

(B) Let h(x) = f(x) —3sin3x + é
T

Now,
/3 /3 /3 /3

jh(x)dx= j f(x)dx—3j sin3xdx + Jédx
0 0 0 0 n
—0-2+2=0

Hence h(x) = 0 has a root in (0’§j

(©) 1im

X j fHdt . j F(tdt
. X 0
—=1lim -
x—0 l_ex xﬁo[l_ex j X

Y Apply L' Hopital's Rule
- im ™o

x—0 1

(sinx)j f(t)dt
(D) ling g

Ans. (2.00)

3n 3n/8 3n/8 . 37_[:
_[ S(x)dx = j sin’ xdx = _[ sin’ (—+—
/8 /8 /8 8 8

Xj dx

3n/8

I cos’ xdx

/8

3n/8 37'C o o
J. (sin’ x +cos’ X)dx =———=—
2 8 8 4

1
- 6S, _,
T

8.

Sol.

ALLEN®
Ans. (1.50)
n—4x 4x—m
/2
T n3n
8 4 8

S :Jr3ﬂ:/8f( ) ( )d _J~3Tr/8 .2 |4 _ |d
2 g ngx X = g Sin X |4X — T dXx

Sol.

dx

= rn/gsinz (E—x) 4(£—xj—n
/8 2 2
= r;/s(cosz x)|n—4x|dx

3n/8 ) D)
=2S;= j < |4x — 7| (sin®x + cos*x)dx
T

3n/8
= I l4x — n|dx
/8

=2X—X—X—=
2 8 2 16
48282 _i _ 15
T 2
Ans. (C)

f'(x)=(]x|—x2)e™ +(|x|-x)e™, x20

f=2(x-x% e
Lt -

0 1

hence option (D) is wrong
g (x)= xe ™ 2x
f'(x)+g'(x)=2x e
f(x)+g(x)=—e~ +c

f(x)+g(x)=—e* +1

f(/n3)+g(v/r3)=1-

2
3

W | —

(option (A) is wrong)

HX)=yi(x) -1 —ax=¢  +x-1-ax,
x21&ae(l,x)
H()=e'+1-1-a<0
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10.
Sol.
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Hx=—"+1-0>0 = H(X)is
= option (B) is wrong

©) v2(x)=2(w1 (B)-D
Applying LM.V.T to y; (x) in [0, X]

' _v,x)=w,(0)
v, (B) = .

2§ 2 +260= Y200
X

= ,(x) =2x(y,(B)—1) has one solution

option (C) is correct.
Ans. (D)

A) y,(x)=e"+x, x2,0
vix)=1-e*>0 =y,(x)isT
v, (x)2y,(0) Vx20= vy, (x)=1

(B) y,(x)=x"-2x+2-2¢" x>0

Yy (x)=2x—-242e " =2y,(x)-2>0 Vx=0

Let,

=y, (x)is T

=y,(x) 2y, (0) =y, (x)>0
(©) f(x)=2 J‘Ox(tftz)e*tzdt & xe(o,%)

H(x) =f(x) -1 + e +zx3 —zxs, X € (0;)
3 5 2

H(0)=0

Hx)=2x-x) e —2xe™ +2x> - 2x*

- 2x% ¥ +2x2 - 2x*

=2x*(1-x* —e_xz)

e 2l-x Vx>0

= H'((x) <0
=S H(x)is + = H(X)SO VXE(O,%)

f(x)<1- e —gx3 + zXS;VX € (0,lj
3 5 2

2., 2 1, ( 1
LetP(x)=g(x) ——x +—Xx" ——x'x€| 0,—
(x) = g(x) 3 5 - >

)

P (x)=2xe ™ —2x2 +2x* —x°

=Px)<0
= Px)is ¥
=Px)<0
option (D) is correct
11. Ans. (182)
Let f(x) = ( 10x j

x+1

Sol.

- (X+1)2

So. f1(x) = 10((X+1)—X] 10

(x+1)2
Vv x € [0, 10],

So, f(x) is an increasing function

m}
11

10x }dx+
x+1

So, range of f(x) is {0,

1/9 9
I:J[ IOX}MJ[

0 x+1 2/3
23 9 10
j[ 10X}dx+][ IOX}dﬂj[
1/9 x+1 2/3 x+1 9
23 9

=0+ J.dx+2j'dx+3lj9dx
9

1/9 2/3

10;1}1X
x+1

2 1 2

=———+2/9-=1+3(10-
379 ( 3) (10-9)
6-1 25 5 50

=——+2x—+3=—4+—+3
9 3 9 3

54150427 182

—=91=182
9 9
12.  Ans. (A, B, D)
2 4
Sol. (A) cosx=1—X—+X——...
2! 4!
3 XS
SinX =X——+——
3t 5!
2
cosx > 1——

11
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13.

Sol.

12

(B)

(D)

©

1 2
)(COSXZI){I—X—J:l—l
0 2 2 8

XCOSX > % (True)

!
I

. X
SInX =X ——
6
3
—X—jdx
6

1

Ix 1nx>I [

0

1 1

Ixsmx>———:>J.xsmx dx>i
0 10

(True)

x? sinx dxzjx

1 X3
2 {x——]dx
0 6

|
K-

x’sinx dx > % (True)

S~ O~ O —

b

¥}
(7]
P
=
>
o
>
\Y%
I

cosx <1

2 2
X CosX <X

1

Ixz COSX dx<J 2dx

0

x? cos X dx<—

Sl — o

So, option (C) is incorrect.
Ans. (1080.00)

F(x) = j £(t). dt

= F(x) = f(x)

I= ]Ef'(x).cosx dx+‘TfF(x)cos(x) dx=2...(1)

I = jff'(x).cosx dx (Let)

Using by parts

I, =(cosx.f(x)), + Tsin X.f(x)dx

14.
Sol.

21==

15.

Sol.

I =6-£(0)+ ]t.sin x.F'(x)dx
0
=6-f(0)+ 1
I, = ]E.sin x.F'(x).dx
0
Using by part we get

I, = (sinx.F(x)), — ]E cosx.F(x) dx

I, = —J cosx.F(x) dx

2)=1,=6-1(0) —I. cosx.F(x) dx

) =I=6-f0=2= f(0)=4
Ans. (4.00)

ALLEN®

-2

[tan (\/_tanx)} e

x/—n 33

2713 4

—2Tx— =4
27

Ans. (A, B)

(32

lim . " =54
n=® G
(; (an + 1)’
li(rle
Jim| — D= n 0 =54
n—>o lzn: 1
n%(a+r/n)

2 ’”“[ 1 1 } i
S A+ e )(2—cos 2x) (1+e 5" )(2—cos2x)
(using King's Rule)
I= l /4 d—x
T _,2—Cc0s2x
27 27 sec? xdx
T -[ 2—cos2x T -[ 1+3tan”x




ALLEN®

JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

1
J‘dex

-([(a+x)2 dx

U
IR

Il

(9]

S

—_—

a(a+1)
= aa+1)=72
= a’+a-72=0 = a=-9,8
16.  Ans. (0.50)

“j~2 3+/cosO
( )

:“f 34/sin 6
0 (\/cose +\/ﬁ)5

/2

Sol. I= do

do

3d0

| Voo o]

sec’ 0dO

0 (1 +\/tan9)4
Let 1++/tanO =t

sec’ 0
2+/tan 6
sec’0d0 = 2(t —1)dt
T2(t-1)dt

2l =

/2

=3

do =dt

17. Ans. (1)

Sol.

18.

Sol.

19.

Sol.

1 & r
logy,= — > fn|1+—
gy nz ( nj

r=1

n—>0 XA)OO

= limlogy, —hmz En(1+ j
n

—  logL= j /n(1+ x)dx

= logL=log —
4
= L= —
e
= [L]=1
Ans. (2)
j. (l—i—x/_)dx
1/4
0| (14x) (1-x)° |
1
2 (1+\/§)dx
,[ (1 ) 1/4
0 2 — X
(1+x) ! 6:l
(1+x)

Put —— =t= = _2dX2 dt
I+x (1+x)
I=1j|'3(1+\/§)dt—(1+‘/§)x_21/3

1 _2,[6/4 - 2 \/;1

(1))

Ans. (2)

/2

g(x)= I (f'(t)cosect — f(t)cosect cot t)dt

n/2

= J. (f(t)cosect)'dt

= f(ﬁjcosec(ﬁj— f(x) =3- f(X)

2 2) sinx  sinx
hmg(x) 3—-lim fx ), as f'(0)=1

x>0 g 1

= lingg(x):3—1:2

13
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20. Ans. (B,O) 99
So.. S, => | dx =1,
xS 2N _ o9 o multiplying by 9)
—_— on multa mn
l<k<x<k+1<99 (100)” pyme oy
2<k+1<x+1<k+2<100 — 1< /n99
k+1 < k+1 < k+1 For option (C) :
(k+1)(100)  x(x+1) ~ x(x+1) - ikf kel & T (k+1)dx
kal 1 <kal k+1 <kall pritd (X+1) =Y x(x+])
. 100 ¢ x[x+1) 1 x

qu e (k+1J
100 k

98
—— < I, </n99
100 Z ‘

49

—<8§, </m9%9
50
Aliter

= Z(

ka (k+1) J
o Ik x(x+1) dx
k+1 1

_Z(k+ U (;_xﬂ)dxj

_ Z(k+l)((£n X —/n (X+1))11i+1)

= i(kﬂ)(m(kﬂ)—én (k+2)—/nk+/n(k+1))

zf((kﬂ)zn(kﬂ)—k.zn k)-

S ((k +1).6n (k12)—k.fn (kD)4 S (4n (k1) £n k)

k=1 k=1
(Difference series)

1=(99 /n 99) + (-99 ¢n 100 + ¢n 2) + (/n 99)

. [2x(99)"
én[—(lOO)” j ...... (1)

For option (B) :
Now, consider (100)99: 1+ 99)99

= Yy + PCi99) + Y997 + ... +

99C97(99)97 + I99 C98 (99)98I + I99 C99 (99)99I

(value=(99)")

(Value:(()‘))gg )

14

98 1
= <1
;(k+2)

(on integration)

(111 lj
= +—+—+...... +— <1

3 4 5 100
98 terms
98 1 1 1
= —<—F—+—+...... +—x<I
100 3 4 5 100
I>£
50

Hence option (C) is correct.
21. Ans. (BONUS)

sin2x
I sin”' t dt

sinx

Sol. g(x)=

= gx= 2sin_1(sin2x) X COS 2x—sin_1(sinx)cosx

- deond 5

No option matches the result

22.  Ans. (A)
"2 x% cosx
Sol. Letl= j dx
o, 1+et
/2
= J.( ! + 17 szcosxdx
o \I+e" 1+e™
/2 /2
j x* cosxdx 5 . /2 2I x.sinx dx
=9 =(x smx)0 -
(D D (D D

/2
‘y J. 1. cosx}

2
r_ 2[ (x cosx
4 0
2 2
T op+n=|E22
4 4




ALLEN:
23. Ans. (B,O) 25. Ans. (0)
Sol. ) [x] x<£2
Sol. Given f(x)=
n ( 1 j 0 x>2
X+—— - -
fnf(x) = lim X /n . it r/n i 1 where [x]zdenotes 2grea‘ces‘t integer function.
e x> + ! 5 (r/n) Nowlz.‘-M
r=1 (r / l’l) r=1 2+ f(X + 1)
I xf(x?) I xf(x?)
| & x—+1 2+f(x+1) 02+ f(x+1)
= 1 — K n 2
Xlim 22 ) j ROy, [ xf00)
X +1 (2+f(x+1) 52+ f(x+1)
1 I=+L+L+14+15
1+tx .
= xjﬁ (1 22 Jdt (put tx = z) Clearly Iy, I, I4 & Is are zero using
0 X definition of f(X)
an(x)=j€n(1+zzjd _ I xf(x%)
0 1+ 2+ f(x+ 1)
' N ) V2
f“”:m(“’;} :fXIdx=— 2 1.1
f(x) 1+x ' 240 . 4 4 4
sign scheme of f'(x) ; 41-1=0
also £(1)=0 26. Ans. 1(9)
9x+3tan”' x 3
- f[l] < Q. f(lj < f(zj, payeo |so [ o 2 e
2 3 3 0
1\
' ' _ | J9x+3tan” x
. f(3)_f(2):£n(i]_gn(§j a=le )
3 f@ 0 5 2
—e 4 _
_ '3 1@
=/n (6j<0:> f(3) #(2) 1()g|oc+1|:9+:iTTC = Ans. =9
24. Ans. (1) 27. Ans. (7)
Sol. Sol. lim P _ lim F'®)
x—1 G(X) x—1 G'(X)
X2 B f 1
= f= = -2 = x|f fx) 14
1+x* x? 1
as —— =22 = 7<=
X l+x" 2 =7

JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

3
= fx)<— 5 = f(x) is continuous and decreasing

3

by IVT f(x) =
in [0, 1]

0 possesses exactly one solution

et
3
)

1
(2 # —7 as f(x) vanishes exactly at one point.

15
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28. Ans. (A, Q)

4n
Sol. LetI = j e' (sin6 at +cos* at)dt
0

b 2n

= Iet (sin6 at + cos’ at)dt + j e' (sin6 at +cos’ at)dt
0 T
4n

3n
+J- e' (sin6 at + cos® at)dt + I e' (sin6 at + cos’ at)dt
27 3n

L= ]Ee‘ (sin" at +cos’ at)dt +
0

]Ee"+t (sin6 at+cos* at) dt
0

+J. g™ (sin6 at + cos” at)dt +
0

J'e”“ (sin(’ at+cos’ at)dt

0
K

= (1 +e"+e’m 4" )‘[et (sin6 at + cos” at)dt
0

e' (sin6 at +cos” at ) dt
et"—1

e"—1

=l+e"+e’" +e’" =
e' (sin6 at + cos* at)dt

ct——a [o—3}

29. Ans. (A, B)
Sol. Given f(x)= (7 tan® x —3tan’ x)sec2 X
/4
", I 35(7tan6 x —3tan’ X)8602 x dx
o I

Using I.B.P.

I

/4
n/4 T

= X.(tan7 X —tan’ X)O
n/4 '

=— I tan’ X(tan2 X — 1)8602 xdx
0

Put tanx =t
1
:I(t3_t5)dt:l_l:E:L
7 4 6 12 12
Also,

/4

I (7tan6 X —3tan’ X)8602 xdx
0

/4

=tan’ x—tan’ x| =0

0

— I (tan7 X —tan’ X)d).
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30.

Sol.

31.

Sol.

32.

Sol.

Ans. (D)
192x*
2 +sin* nx
192x°

f(x) =

192x3

<f'(x)<

192 x4—L SIf’(x)deg X4—L
12 16) 7, 8 16

16x'—1 < f(x) < 24x4—§

1
2.6 < j f(x) dx <3.9

1/2
out of given options only option (D) is correct.
Ans. (A, B, )
According to given data
Fx)<0 Vxe(l3)
f(x)=xF (x)
f'xX)=Fx)+xF'(x) ..(1)
f'()=F()+F'(1)<0
(use F(1)=0 & F'(x)<0)
f(2)=2F(2)<0
(use F(x) <0V x € (1,3))
f'X)=FX+xF'(x)<0
(use F(x)<0 V xe(,3))
F'(x)<0
Ans. (C, D)
Given
3
IXZF'(X)dX =-12

1

3
= [X*FJ; -2[x Fx)dx =-12
1

3
= [f()dx=-12 UsexF (x)=1f(x)
1

Given
3
IX3 F"(x)dx =40

1

3
= [XF()] =3[ X’F(x)dx =40
1

= [ -Fo ] =4

9(f(3)-F@3)) - (f'()-F(1))=4
91(3)+36—f(1)=4
9'(3)-f(1)+32=0
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33.  Ans. (A, C) 35.  Ans.(2)
Sol. Given that f: [a, b] = [1, »0) Sol. using integration by part

0 x=a j4x3((1—x2)5)"dx
g0 =1 f(vdt, a<x<b 0

[, x> ~ax ((1—x2)5)}1 iz (-0 ) ax

N

Now g(a ) =0=g(a) = g(a) using integration by part

b
b)=gb)=gb)= [ f(t)dt b
g®) =) =gb) = [ fV z_lz[xz ((1_x2)5)) fax(1-x) dx}
=  giscontinuous V x € R eoo
1
0 : x<a =12.2.[x(1-x*)*dx
Now g'(x)=<f(x) : a<x<b 0
0 : x>b
* Letl -x*=t= xdx=—g
g@)=0butga") = f(a) > 1 ?
0

=  gisnon differentiable at x = a =24 j t (_QJ

and g'(b")=0butg'(b)=f(b) > 1 !

=  gisnon differentiable at x =b _ 12jt5 dt=2

0
34.  Ans. (A, C, D) 36. Ans.(A)
7[# ] Sol. Let cosecx + cotx = ¢"
Sol. f(x)= J' ; © dt cosecx —cotx =¢
: 1 . 1,
7(“1} 7(;){) cosecx = E(eu+eu)&cotx=5(e -e"

1
cosec’xdx = =) (" +eMdu

= + - 0 1 15 1
X X X = ‘[ 2" (E(GH +e"“)) {_E(GU +e“)}du
f(x) is monotonically increasing on (0, ) (V2+1)

m(-2+1)
= .[2(e“ +e™)' du.

) o
vxe b !

=  Aiscorrect & B is wrong.

x €

Now f(x) + f(ij = —du [ —dt | 37 Ans.(B)

=0V x e (0,) Sol. /() :T F(Ddt

Now let g(x)= /(2% =, e[:tj dt £1(%) = 2x f(x) © x e [0, 2]
. ef(t%] = f(x)=2x f(x) v F(x) = f(x)

g0 =72  =[ dt = —g(x) A NP

(2% is an odd function. fx

17
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38.

Sol.

39.

Sol.

18

c=0 ( f(0)=1)

= f(x)=¢*

XZ

f(x)=xj fWde= [ et dt

0

x2

f(2)=Jetdt=e4—1.

0

Ans. (A)

g(lj = lim J.l_h dt
2 h—0* Jh /t(l—t)
. I-h dt
T
h—0"
Z (=)
2 ( 2)

1
t——

1
— sin”! f} =sin'(I)-sin'(-1) ==
2

Ans. (D)

Given,
) 1-h
o(a) = 11mJ' (-t dt
h—0" Jh

g'@= lim [ (1= 0" (~Int+In(1 - dt
h—0* Jh

(D)

b b
(Apply j f(x)dx = j f(a+b-x)dx)

1 l . 1-h 1 l B
= 2¢g (2 —&Ln(}'[h 0dt = ¢ 5 =0

40.

Sol.

Ans. (D)

(P)

let f(x) = ax” + bx + ¢ where

a,b,c are non negative integers

f(0)=c=0

and Jll(ax2 +bx)dx =1
0

(1)

ax’ bx*| a b
32, 32
=2a+3b=6

= a=3&b=00Ra=0&b=2

(Q) maximum of sinx* +cosx’ = \/5

=X Sil’l(%-i— ij =1butx’ e [0,13]

= %+x2 :(4n+1)

T

= which is satisfied forn=0 & 1

= 4 solutions

2
® 1=
-2

3x?

1+¢e*

7 3t%edt

—t [=-

21=
- _J; 1+¢*
= 1= I:X3]§ =8
i3 1+x
Icostlog()dx
il I-x
® 5 (%)
j cos 2x log dx
0 (I_X)
1/2
J (odd function )dx
=5 l+x
I cos 2X log(jdx
0 I-x

2 3x2(1+e")

t
S 1+e

dx put x

2
dx = 2I3X2dX
0

=0




