ALLEN® JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

AREA UNDER CURVE
3
1. Let £:]0, 1] — [0, 1] be the function defined by f(x) = X?—xz +§x+;—z. Consider the square region

S =10, 11x[0,1]. Let G = {(x, y)eS : y > f(x)} be called the green region and R ={(x, y)eS : y <f(x)} be
called the red region. Let L = {(x, h)eS : xe[0, 1]} be the horizontal line drawn at a height h €[0, 1].
Then which of the following statements is(are) ture?

[JEE(Advanced) 2023]

2
(A) There exists an h € Z,E} such that the area of the green region above the line Ly equals the area of

the green region below the line Ly,

(B) There exists an h e :i,%} such that the area of the red region above the line Ly equals the area of
the red region below the line Ly

(C) There exists an h € {%,%} such that the area of the green region above the line Ly, equals the area of
the red region below the line Ly

(D) There exists an h € {%,%} such that the area of the red region above the line Ly equals the area of

the green region below the line Ly,

2. Let n > 2 be a natural number and f: [0,1] & R be the function defined by [JEE(Advanced) 2023]
n(1 - 2nx) ifOSXSL
2n
1 3
2n — if—<x<—
(2nx-1)  if- ™

f(x)=

41’1(1-11)() ifiSXSl
4n n

Ll(nx—l) lflSXSI

If n is such that the area of the region bounded by the curves x =0, x =1, y =0 and y = f (x) is 4, then the
maximum value of the function f'is

3. Consider the functions f, g : R — R defined by

2[1_Mj x|<3
F) =%+ = and g(x) = 3 4
12 3

0, |x|>—.

4

If ais the area of the region
{(X,y)e RxR:[x|< %, 0<y< min{f(x),g(x)}},

then the value of 9« is . [JEE(Advanced) 2022]
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4. The area of the region {(x,y):Ost%, 0<y<l, x23y, x+y22} is

[JEE(Advanced) 2021]

11 35 37 13
A) — B) — C) — D) —
()32 ()96 ()96 ()32

5. Let the functions f : R - R and g : R — R be defined by
f)=¢"""—e™ and g(x)= %(e“ +e'™)

Then the area of the region in the first quadrant bounded by the curves y = f(x), y = g(x) and x = 0 is

[JEE(Advanced) 2020]
1 -1 1 -1
(8) (2-43)+ e~ ™) B) (2+3)+J(e-e™)
© (2-V3)+Lete™) (D) (2+V3)+2e+e )
2 2
6. The area of the region {(x,y) : xy <8, 1 <y< xz} is [JEE(Advanced) 2019]
(A) 810gc2—% (B) 1610gc2—%
() 16log2 — 6 D) 8log,2 —%
7. Let f : [0, ) — R be a continuous function such that f(x)=1-2x+ Je"_t f(t)dt
0
for all x € [0, w0). Then, which of the following statement(s) is (are) TRUE ?
[JEE(Advanced) 2018]

(A) The curve y = f(x) passes through the point (1, 2)
(B) The curve y = f(x) passes through the point (2, —1)

(C) The area of the region {(x,y) € [0, ] xR : f(x)<y<+1-x*}is n-2

n—1

(D) The area of the region {(x,y) € [0, 1] xR : f(x)<y<~1-x*}is

8. A farmer F; has a land in the shape of a triangle with vertices at P(0, 0), Q(1, 1) and R(2, 0). From this
land, a neighbouring farmer F, takes away the region which lies between the side PQ and a curve of the
form y = x"(n > 1). If the area of the region taken away by the farmer F; is exactly 30% of the area of

APQR, then the value of n is . [JEE(Advanced) 2018]
9. If the line x = a divides the area of region R = {(x, y) € R*:x < y <x, 0 <x <1} into two equal parts,
then [JEE(Advanced) 2017]
(A)%<a<1 B)o'+4a’-1=0 (C)O<a£% (D) 2a* 40’ +1=0
10.  Area of the region {(x, y)eR?:1y>./[x+3],5y<x+9< 15} is equal to - [JEE(Advanced) 2016]
1 4 3 5
A) — B) — C) = D) =
(A) p (B) 3 © 7 D) 3
2 W

4+

"%
11. Let F(x) = .f 2cos’ tdt for all x € R and f: [0,%} —[0,0) be a continuous function. For a e {O,%} , if

F'(a) + 2 is the area of the region bounded by x =0, y =0, y = f(x) and x = a, then f(0) is
[JEE(Advanced) 2015]
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SOLUTIONS
1.  Ans. (B, C,D)

3
Sol. f(x):X——xz+5—X+1—7
3 9 36
2 5
f'(x)=x —2x+§

fi(x)=0atx = % in [0, 1]

AR = Area of Red region
Ag = Area of Green region

1 1
A, = jo f(x)dx =

Total area =1

1
:>AG=—

[ f(x)dx = %

Ag=Ar

17
£(0) = —
0) Y

13
f(1)=—>~0.36
D=3

f 12 ﬁz0.558
3) 324

1

181
324

(A) Correct when h = % but h e [l’%

= (A) is incorrect
1
(B) Correct when h = 1

= (B) is correct

3

(C)Whenhzﬁ,A :lA <l
324

R 2’ G 2

13 1 1
h=—"\A, <—,A_ =—
36 279 2

= AR = Ag for some he (E ﬂ}

36324
= (C) is correct
Option (D) is remaining coloured part of
option (C), hence option (D) is also correct.

2. Ans. (8)
Sol.
y/\
n _____________

0 100

1 1
s 1
2n 4n n

Area= Areaof (I + 1+ 1II)=4

.. maximum value of f(x) =8
3. Ans. (6)

f(x)

Sol. x=—1/2

—3/4
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12x* +32x - 19=0

12x% +38x — 6x—19=0
2x(6x + 19) — 1(6x + 19) = 0
(6x+19) (2x—1)=0

1
X=—
2
o =2(A; + Ay)
1/2
o=2 Ix2+idx+lxlx%
T T s

x®  5x " 1
>a=2 (—+—) +—
3 12/, 12

{ 1 5 1}
>o=2|—+—+—
24 24 12

1+5+2

30(22[ :|:>OL:2><£:>90,=9><§
24 12

=% =6
4. Ans. (A)
Sol. x+y-2=0

31 9 93
P|Z,=]:Q2,0: R|=,0; 8| ==
(2’2]’Q(’ )’ (49()}’8(4’4)

Q
ﬂ/q{/
x—3y=0
x—3y=0
2
y=1 \ —
P s(gij
0 ] L4 y=6
(2,00 QN\|R
AN
x=0 ng
4
el
Area=—|[2 2|+ + +
2l, of B ol 3 L
4 4| |2 2
1 27 9 9
=—|(0-D+(O0-0)+| —-0 |+| =—=
Ho-no-o(Zo)+{3-3]
1
32

5.

Sol.

Sol.

Ans. (A)

0 x <1
Here, f(x)= N
e —

& g(x)= %(e“ + elf")

Ty y = g(x)

y=1(x) :

> X
0 I x=1+m3

solve f(x) & g(x) => x= 1+ En\/g

So bounded area = jol %(eXI +e' )dx +

J.lwnﬁ [%(e"_l Lol ) B (ex—l el )} dx

1+/n3

For intersection, 8 = \/§ =>y=4
y

4
Hence, required areca = I[s - \/§ J dy
1

2 50 14
[SEny 3 y l 16/n2 3
Remark : The question should contain the
phrase "area of the bounded region in the first
quadrant". Because, in the o quadrant, the
region above the line y = 1 and below y = Xz,
satisfies the region, which is unbounded.
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7. Ans. (B, ©)

Sol. f(x)=1-2x+ [ 'f(t)dt
0

= e fx)=e*(1-2x)+ ](.eftf(t)dt
0

Differentiate w.r.t. x.
—e 'f(x)+e *f'(x)
=—¢ "(1-2x)+e *(-2)+e f(x)

= (%) + (%) = (1 - 2x) — 2 + f(x).

= fx)-2f(x)=2x-3
Integrating factor = e .
fix).e > = je*”(zx ~3)dx

= (2x - 3)Ie'2"dx - j((z)je'zxdx)dx

_(2x=3)e™ ™

- +c
-2 2
N
f(x)=2x_3 —%+cezx

f(0)=3—l+c=1:>c=0
2 2

Sol. (LD

(0,0) (1,0) (2,0)

1
Area = I(X—Xn)dx :i
0 10

————== . n+l=5

9.

Sol.

10.

Sol.

Ans. (A, D)
Area between y = x> and

y=xinx € (0,1)is
A=I(x—x3)dx:%

y=x y=X
Q

P

X=a

A
Area of curve linear triangle OPQ = >

o

2

x—x3)dx:%:>2a4—4oc2+120

Clearly required area
= area (trapezium ABCD) — (A1 + Ay) ....(1)

area (trapezium ABCD) = %(1 +2)(5) = 1?5

-3 2
Al:.[ —(x+3)dx ==
b 3

1 2

and A, = I(X+3)l

-3

dng
3

.. From equation (1), we get required area

15 (z 16) 3
= —4— | =—
2 \3 3) 2
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11. Ans. (3)

Sol.

From the question
[£(x)=F'(a)+2

0

Differentiating, we get
f(a)=F"(a)= /(0)=F"(0)

¥
X2 4=

6
Now, F(X)z I 2cos” tdt,
, T
- F'(x)=2cos’ (szrgijx—Z(cos2 x)
F'(x)= 4[0052 (xz +gj—4x2 cos

x? += |sin )<2+E +4cosxsinx
6 6

F"(0) = 4cos’ % -3

a

- f(0)=3
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